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*ivj ' Abstract. We construct a resolution of the degree-2 Abel-Jacobi map for a 

regular smoothing of a nodal curve. More precisely, let tt : C — >■ S be a regular 

smoothing of a nodal curve C with a section a through its smooth locus. Let 

^^ , J be the degree-0 Esteves' compactified Jacobian, parametrizing torsion-free 

'^l^ 1 rank-1 sheaves on C/ B that are canonically cr-quasistable. Consider the degree- 

2 Abel-Jacobi map o? : C^ ■.= C x^ C ---> J of C/B, sending a pair (Qi, Q2) of 
points of the fiber Cj of 7r over the generic point r; of S to the invertible sheaf 
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Oc,, (2o-(r;) - Qi - Q2)- We show that if </> : C^ ^ C^ is the blowup of & first 
along its diagonal subscheme and then along products of 2-tails and 3-tails of 
C, then the map a^ o </<; C^ — + ^ is a morphism. 



< 
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C^ ' 1. Introduction 

1.1. The problem. Let C be a smooth connected projective curve over an alge- 
braically closed field K. The degree-d Abel map of C is a map a^ : C* — > J^ from 
the product of d copies of the curve to its degree-/ Jacobian J^, sending a d-tuple 
(Qi, . . . , Qd) of points of C to "P (g) Oc{—Qi — ■ ■ ■ — Qd), where 'P is a line bundle 
of degree d + / on C. IfP = Oc{dP), for a point P of C, we call a^, the degree-d 
^\J ' Abel-Jacobi map of C . The Abel map encodes many geometric properties of the 

10 ' curve. For example, the Abel theorem states that the fibers of a^ are projectivized 

^^ ' complete linear series, up to the action of the symmetric group. Thus, all the 

f^ , possible embeddings of C in projective spaces are known once we know its Abel 

Cn \ maps. 

What about Abel maps for singular curves that are limits of smooth curves? This 
question is natural and potentially very useful. Indeed, the Abel theorem suggests 
a possible interplay between Abel maps and limits of linear series on singular curve. 
This interplay has been recently explored in [16] for curves of compact type with 
C^ , two components. It was through the study of degenerations of linear series that the 

celebrated Brill-Noether and Gieseker-Petri theorems were proved in [18] and [17]. 
The theory of limit linear system has been systemized for curves of compact type 
in the seminal work of Eisenbud and Harris [13]. Nevertheless, a satisfactory theory 
of limit linear series for nodal curves is not available, although there are works in 
this direction in [12] and [15] for curves with two components and a recent new 
approach in [21] for curves of compact type with two components. 

Not much is known for Abel maps for singular curves. In fact, Abel maps have 
been constructed only in few cases: For irreducible curves in [2], in degree one in 
[7] and [8], for curves of compact type and any degree in [11], and recently for 
nodal curves with two components and any degree in [1]. This paper is devoted 
to the construction of a degree-2 Abel-Jacobi map for any nodal curve. A part of 
our construction is strongly based of the previous work [9] , where the existence of 
degree-2 Abel maps for nodal curves is reduced to a series of numerical conditions. 
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More precisely, a crucial step in this paper is to check the validity of the admissibility 
conditions given in [9, Definition 6.4], over which our Theorem f .1 is based. 

All the known Abel maps arc natural, meaning that they arc limits of Abel maps 
of smooth curves over one-dimensional bases. The general problem of defining Abel 
maps for a smoothing tt: C — >■ i? of a nodal curve remains open. Here, a smoothing 
tt: C ^ B of a nodal curve C is a family of curves over B :— Spec A'[[i]] with special 
fiber isomorphic to C and with C smooth. There arc two main obstructions in the 
construction of a resolution of higher degree Abel maps. 

First, since rational Abel maps for the smoothing n are naturally defined over 
the product C^ := C x b ■ ■ ■ x b C oi d copies of C over B, one should be able to 
understand how the scheme C^ behaves under a sequence of blowups. This issue has 
been considered for d = 2 in [9] and for any d in [1], where the relevant informations 
about the local and global geometry of the schemes C^ are unrevealcd. 

Second, since a resolution should be defined for a smoothing of any given nodal 
curve, complex combinatorial problems naturally arise. Since Abel maps take values 
in a compactificd Jacobian defined by means of numerical conditions (see Section 
2.1), a natural combinatorial issue is how to "convert" an invertiblc sheaf in such a 
way that it satisfies these conditions. It is equivalent to give a modular description 
of the so-called Abel-Neron maps. These maps are natural extensions of Abel maps 
to the i?-smooth locus of C^ by means of Neron models and take values either in 
the Caporaso's or in Esteves' compactificd Jacobian constructed in [5] and in [14] 
(see [7] and Section 2.3 for more details). The modularity of the Abel-Neron maps 
is described for the degree-2 Abel-Jacobi map in [22] and it is strongly used in this 
paper. We believe that a generalization of this result is possible, at least for the 
degree-d Abel-Jacobi map, although this should require significant new ideas. 

1.2. The results. Let C be a nodal curve defined over the algebraically closed 
field K. Let tt: C — > B be a smoothing of C. Let cr be a section of tt through 
its smooth locus. The dcgrec-2 Abel-Jacobi map of C/ B is defined as the rational 
map a^: C"^ ^ C XbC --+ J sending a pair (Qi, (52) of points of the fiber C,, over 
the generic point 77 of i? of tt to the invertible sheaf Oc (217(77) — Qi — Q2)- Here, 
J^ is the proper fine moduli scheme introduced by Esteves in [14], parametrizing 
degree-0 torsion-free rank-1 sheaves on C/B that are cr-quasistable (with respect to 
a canonical polarization). We refer to Section 2.1 for more details. 

In general, the map a^ is not defined everywhere on C^, as the case of a two- 
component two-node curve already shows (see [10]). Thus, to construct a geomet- 
rically meaningful resolution of a^ , first we need to understand the geometry of the 
blowups of the scheme C^ . We choose to blowup C^ along its diagonal subscheme 
and along (the strict transforms of) Weil divisors of type Zi x Z2, where Zi and 
Z2 are subcurves of C . In fact, C^ is singular, and a suitable chain of such blowups 
give rise to a 1700^ partial desingularization (f>: C^ — >■ C^ of C^, meaning that all the 
strict transforms (j)^^{Zi x Z2) become Cartier divisors (see Section 2.2). 

Fix a good partial desingularization (p: C^ -^ C^ . We then consider the family of 
curves pi: C^ XbC ^ C^ , where pi is the projection onto the first factor. Since J is 
a fine moduli scheme, to get a resolution of a^ we need a torsion-free rank-1 sheaf on 
C'^ Xb CjC^ that is cr-quasistablc on the fibers of p\ and whose induced map C^ ^ J 
generically agrees with o? . Actually, we consider a blowup V' : C'^ — > C^ XbC and 
we construct such a sheaf as V'*'Ci/" where £^ is an invertible sheaf on C^ . We refer 
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to Section 2.3 for the definition of Cif,. Here, f/; is a good partial desingularization 
of C^ XbC, meaning that all the strict transforms of the divisors (f)^^{Zi x Z2) x Z3 
of C^ XbC via i/i become Cartier divisors, where Zi, Z^ and Z3 are subcurves of C. 
Finally, we consider distinguished points ofC^, that is points A that are contained 
in the " most degenerate locus" of C^. This means that A is contained in the 
intersection of three distinct divisors of C^ 

(1) r\c^^ X c^j nr'(c^, X c^,)nr\c,> X c^j, 

where C^-^ , C^' , C^^ ^^'^ ^1' ^^^ components of C; in particular, (f){A) = (i?i, R2), 
where Ri and R2 are nodes of C (see also Section 2.2). 

The first relevant information about ^*C^ is obtained in Theorems 3.6 and 4.4; 
we can state them as follows. 

Theorem 1.1. Let it: C ^ B be a smoothing of a nodal curve C. Let (j): C^ ^ C^ 
and ijj: C'^ ^ C^ Xb C be good partial desingularizations. Then ip^^C^ is a relatively 
torsion-free, rank-1 sheaf on C^ XbC/C'^ of relative degree 0, whose formation com- 
mutes with base change. Moreover, the rational map o? o </>; C^ ---» J induced 
by 'ip*^'ip is defined on an open subset of C^ containing the distinguished points in 
(j)~^(R, R), for every reducible node R of C . 

The question whether or not ip^C^ is quasistable is then reduced to checking 
quasistabilty of the restriction of ^:,C^, to the fibers p^^{A), where A is a distin- 
guished point of C^ contained in 0^^(i?i,i?2), for reducible nodes Ri and R2 of C 
(see Lemma 4.3). By Theorem 1.1 we may also assume that Ri and R2 are distinct. 

The key step is to introduce a combinatorial condition on a distinguished point A 
which turns out to be equivalent to the fact that a^ o </) is defined on an open subset 
of C^ containing A. If A is contained in the intersection (1), this condition only 
depends on the nested sets of tails of C associated to (71,72), (71,72) and (7^,72) 
(see Section 2.4 for the definition of these sets). We say that A is quasistable if it 
satisfies such a combinatorial condition (see Section 5.2 for more details). The key 
result is contained in Theorem 6.3; we can state it as follows. 

Theorem 1.2. Let n: C ^ B be a smoothing of a nodal curve C with a section 
a through its smooth locus. Let (j): C^ —> C^ and ip: C^ -^ C^ Xb C be good partial 
desingularizations. Consider a pair (i?i, R2) of reducible nodes of C , with Ri ^ R2, 
and let A be the set of distinguished points of C^ contained in (j)^^[Ri,R2). For 
every A in A, let Xa = {pi ° '4')~^{A) and identify p^ (A) with C. The following 
properties are equivalent. 

• A is quasistable, for every A in A; 

• ''P\xA*i^i'\xA) ^■s iy{0)- quasistable, for every A in A; 

• ''P\xA*{^i'\xA) ^■s simple, for every A in A; 

• the rational map a^ o (j): C^ ---> J' induced by V'*'^^ is defined on an open 
subset of C^ containing A. 

Here, a torsion-free rank-1 sheaf X on a nodal curve C is simple if Hom(X, X) = K. 
In general, if I is quasistable, then it is simple, and it is easy to find examples 
showing that the two notions are not equivalent. It is worth to notice that Theorem 
1.2 implies the surprising result that '0*£^ is cr-quasistable if and only if it is simple. 

Finally, we produce a global blowup of C^ fulfilling the local criterion of Theorem 
1.2. This is done in Theorem 6.4 by taking blowups along (the strict transforms 
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of) products 2-tails and 3-tails of C, that is connected subcurves W^ of C such that 
C \ Vl^ is connected and such that W r\C\W has cardinahty 2 or 3. 

Theorem 1.3. Let n: C ^ B be a smoothing of a nodal curve C. Let Wi, . . . , Wjq 

be the 2-tails and the 3-tails of C . Consider the sequence of blowups 

p2 4>N^ 02^ ;;2 01^ P2 0i\ p2 

where 4>q is the blowup of C^ along its diagonal subscheme and (j)i is defined as 
the blowup of Cf_i along the strict transform of the divisor Wi x Wi of C^ via 
00 o • • • o (pi-i ■ Then the rational map 



9 ^ 

a o (/)o o • • • o 0JV : C]V --^ J 



is a morphism. 



1.3. Notation and terminology. Throughout the paper we will use the following 
notation and terminology. We work over an algebraically closed field !"(. A curve is 
a connected, projective and reduced scheme of dimension 1 over K. We will always 
consider curves with nodal singularities. 

Let C be a curve. We denote the irreducible components of C by Ci, . . . , Cp. 
The genus of C is .g := 1 — xi^c)- We denote by ujc the dualizing sheaf of C 
A subcurve of C is a union of irreducible components of C. Let Z he a proper 
subcurve of C. We let Z"^ := C \ Z and call it the complementary curve of Z. We 
call a point in Z n Z'^ a terminal point of Z, and we set 

Term^ := Z D Z''' and kz '■= ^Term^- 

Moreover, we set Termp = Term0 = 0. We say that Z is a tail if Z and Z'^ are 
connected; it is a k-tail if kz = fc. If i? is a node of C such that i? G C^ n C^i for 
(7, 7') G {1, • • ■ ,p}^, we say that Z crosses R ii Cy U C^i C Z. A node i? of C is 
reducible if i? S Z f^Z'^ for some proper subcurve Z , otherwise it is irreducible. We 
denote by J\f{C) the set of reducible nodes of C. A subset A of the set of nodes of 
C is disconnecting if the normalization of C at the points of A is not connected. 

Let Z and Z' be subcurves of C. We write Z ^ Z' ii Z C. Z' and the intersection 
Term^ n Term^/ is empty. Moreover, we write Z A Z' to denote the union of the 
components of C contained in Z (1 Z' . If Term^ n Term^' is nonempty, we say 
that the pair (Z, Z') is terminal, or that Z is Z'-terminal, or that Z' is Z-terminal; 
otherwise, we say that (Z, Z') is free. We say that {Z, Z') is perfect if one of the 
following condition holds 

Z C Z', Z' C Z, Z' C Z', Z' C Z". 

If iS is a set of subcurve of C, we say that Z is iS-free if {Z, W) is free, for every W 
in S. If A and B are sets, we denote by ^ U B the disjoint union of A and B. 

Given a map of curves // : C" — !■ C we say that an irreducible component of C 
is 11- exceptional if it is a smooth rational curve and is contracted by the map. A 
chain of rational curves (of length d) is a curve which is the union of smooth rational 
curves Ei,...,Ed such that Ei n Ej is empty if |i - j| > 1 and #(i?i n E.i+i) = 1. 
A chain of ji- exceptional components is a chain of ^-exceptional curves. 

We define the curve C{d) as a curve endowed with a map /z: C{d) -^ C, called 
contraction map such that pL is an isomorphism over the smooth locus of C, and the 
preimage of each node of C consists of a chain of /^-exceptional components of length 
d. Let W be a subcurve of C. A subcurve Y of C{d) is a W -lifting if /z(F) = W. 
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Since the maximal chains of /^-exceptional components have d components, there 
are exactly d VF-liftings L^ , L]^ , . . . , LY-^i such that 

We call the M^-liftings Lf^ the canonical W -liftings. We will use the previous setup 
just in the case d — 2. 

A family of curves is a proper and flat morphism -k: C ^f B whose fibers are 
curves. The family tt: C — > i? is called local if J3 = Spec (i^[[i]]) and regular if C is 
regular; in this case, we denote by and 7? respectively the closed and the generic 
point of B, and we set C,, := 7r~^(77). A smoothing of a curve C is a regular local 
family tt: C ^ B whose fiber over is isomorphic to C (and hence with C^ smooth). 

2. COMPACTIFIED JACOBIANS AND AbEL MAPS 

2.1. Compactified Jacobians of nodal curves. Let C be a nodal curve with 
irreducible components C'l, . . . ,Cp and let P be a smooth point of C. The degree- 
f Jacobian of C is the scheme parametrizing the equivalence classes of degree-/ 
invertible sheaves on C. In general, this scheme is neither proper nor of finite type. 
To solve these issues we resort to torsion- free rank-1 simple sheaves and to stability 
conditions. 

A coherent sheaf I on C is torsion-free if it has no embedded components, rank- 
1 if it has generic rank 1 at each component of C, and simple if Hom(I, T) = K. 
Equivalently, X is not simple if and only if the locus over which I is non-invertible 
consists of a set of disconnecting nodes of C. We call deg(I) := x(I) — x{Oc) the 
degree of T. 

A polarization of degree f on C is a vector bundle of degree / and rank r > on 
C. Given a polarization £ of degree / and rank r on C, we consider its multi-slope 

Let I be a torsion-free rank-1 sheaf of degree / on C. For every proper subcurve 
Y of C, we define the sheaf ly as the sheaf I|y modulo torsion, and we set 

/3i(y,£):=x(lF)- Y. ^c.- 

CiCY 

We say that I is P-quasistable over Y with respect to £ if the following conditions 
hold 

< /3i(y, f ) < fcy , if p e y and < /3i(y, f ) < fcy , if p ^ y 

Note that I is P-quasistable over Y if and only if it is over Y"^. We say that I is 
P-quasistable with respect to £ if it is P-quasistable with respect to £ over every 
proper subcurve of C. Since the conditions are additive on connected components 
it is enough to check them over connected subcurves. In fact, it is easy to see that 
it suffices to check on connected subcurves with connected complement. 

Let tt: C ^ P be a family of nodal curves. Assume that there are sections 
(7i, . . . , CT„ : B — ^ C of TT through its smooth locus and such that, for every h E B 
and for every irreducible component Y of 7r~"'^(6), we have Ui{b) £ Y , for some i 
in {1, . . . , n}. Notice that this condition is satisfied if tt is a smoothing of a nodal 
curve (see [3, Proposition 5 of Section 2.3]). 
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Let a: B — >■ C be a section of tt through its smooth locus of and £^ be a polariza- 
tion of degree / on C/B, i.e. a vector bundle 5 on C of relative degree / and rank 
r > 0. We say that a sheaf I over C is a-quasistable with respect to £ if I|jr-i(h) is a 
torsion-free rank-1 sheaf that is (T(6)-quasistable with respect to £\T^-iib}i for every 
b Cz B. The degree- f compactified Jacohian of C/B is the scheme J^^ parametriz- 
ing degree-/ sheaves over C that are cr-quasistable with respect to £. This scheme 
is proper and of finite type (see [14, Theorems A and B]) and it represents the 
contravariant functor J from the category of locally Noetherian B-schemes to sets, 
defined on a _B-scheme 5* by 

J(5) := {cr5-quasistable sheaves of degree / over C Xb S —^ S}/ ^ 

where ns is the projection onto the second factor and as is the puUback of the 
section a, and where '^ is the equivalence relation given by Ii '^ I2 if and only if 
there exists an invertible sheaf A/ on S such that Ii ^ Z2 ® iTgAI. 

li g is the genus of the fibers of tt. a canonical polarization on C/B is a polarization 
on C/B with the same multi-slope of the polarization on C/B given by 

0®('»-') ® U^S-l if g > 2, 

£:^{ Oc if .9=1, 

Oc e uj-K if .9 = 0. 

where lo-t; is the relative dualizing sheaf of tt. If £ is a canonical polarization on 
C/B, for every b E B and for every proper subcurvc Y of 7r^^(6) we have 

/3iU-.,,, {Y) := /3i|^_,,,, {Y, 5U-i(,)) = dcg(Xy) + ^. 

If a sheaf T over C is cr-quasistable with respect to a canonical polarization on 
C/B, we simply say that X is a-quasistable. We will denote by Jf the degrce-0 
compactified Jacobian oiC/ B parametrizing sheaves on C/B that are cr-quasistable. 

2.2. The double and triple product. Let C be a nodal curve with irreducible 
components Ci, . . . , Cp and tt: C — > i? be a smoothing of C. We set 

C^ -.^C XbC and C^ := C^ x^ C. 

Let us recall some important facts of the local geometry of C^ and C^; we refer the 
reader to [9, Section 3 and 4] for more details and the proofs of the statements. 

Recall that B — Spec K[[t]]. The completion of the local ring of C^ at (i?i, R2), 
with {i?i,i?2} C J\f{C), is given by 

.1^ K[[t,xo,xi,yo,yi]] K[[xo,Xi,yo,yi]] 

<^C^,(Ri,R2) — 7 7 TT — —f T— 

[xoXi-t,yoyi-t) [xoxi - yoyi) 

where xq, xi and yo, J/i are local coordinates of C at i?i and i?2, and where the map 
tt: C ^ B IS given locally at i?i and i?2 by i = xqXi and t = yoj/i- 

We see that, locally around (_Ri,i?2)- the singular locus of C^ consists exactly 
of the point (i?i,i?2)- Assume that Ri S C^^ fl C-^j and i?2 G C^j n C^^, for 
(71 , 7J) and (72, 72) in {I, • ■ • , p}^- To get a desingularization of C^ locally around 
(i?i, i?2), one can perform the blowup of the Weil divisor C^^ x C^j of C^ (which 
is equivalent to the blowup of the Weil divisor C^i x C^i^ of C^), or the blowup of 
the Weil divisor C^^ x C^' of C^ (which is equivalent to the blowup of the Weil 
divisor C^j x C-yj of C^). If 77: C — > C is one of these two blowups, then there is 
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an open subset U of C^ containing (i?i,i?2) such that 77 ^([/) is smooth and such 
that rj is an isomorphism over U \ {(i?i,i?2)} and r]~^{Ri, R2) is isomorphic to a 



smooth rational curve. This rational curve is contained in C^ 



and Cj'_^^j^^^ 



(respectively in C^^ ,j,' ^ and ^^',-,.2,0) ^^ ^'^"^ '^^^^y i^ '? ^^ ^^^ blowup along C^^.^a 
(respectively along C^^^^^). If R :— Ri — R2, with i? e C^ n C^', for (7,7') in 
{!,..., p}^, we can always desingularize C^ locally around (R,R) by blowing up 
the diagonal subscheme of C^, which is equivalent to the blowup of the Weil divisor 
Cy X Cj' of C^. The local picture of these blowups is illustrated in Figure 1. 
Perform a chain of blowups 

(2) (b:C':=CljH---^C^,^Ci^C'- 

where (j)o is the blowup along the diagonal divisor of C^ and where (j>i is the blowup of 
C^_i along the strict transform of some Weil divisor Z^^i x Zi^2 of C^ via 4>o°- ■ •o'/'i-i, 
for subcurves Zi^i and Zi^2 of C. Since (po gives rise to a desingularization of C^ 
locally around {R,R), for R reducible node of C, and 4>i to a desingularization of 
C^ locally around the pairs (i?i,i?2) of reducible nodes of C, for i?i € Zi^i n Zf^ 
and i?2 G ^i,2 n Zf 2, we see that if the chain in (2) is long and varied enough, the 
scheme C^ is smooth away from the locus of points (Ri, R2), where one between i?i 
and i?2 is an irreducible node of C. In particular, the strict transform via (f> of any 
divisor of type Zi x Z2, for subcurves Zi and Zi of C, is a Cartier divisor of C^. In 
this case, we call a map i^: C^ — > C^ as in (2) a good partial desingularization of C^. 



a 



72 

R2 



a 



72 



a 



7l,72'<P 

A, 



O^ 



c 



7i,72.' 



Ai 

a 



Yl,72,<P 



a 



71,72. 



Ai 



O^ 



c 



7i,72.' 



A2 



c. 



7i,72,' 



^72 

i?2 



C. 



72 



c. 



71 



i?l a 



a 



71 



i?i 



O-v 



Figure 1. The blowups C^ — > C^ along C-y^ x C^^ and C^^ x C-y^. 

Fix a good partial desingularizations 0: C^ ^^ C^ of C^. For each (7,7') in 
{1, . . . ,p}^; we let C^f^-y'^4, be the strict transform to C^ of the divisor Cj x C^' of 
C^ via the map (/). We say that a point A of C^ is a distinguished point of C^ if 

yo) yi fc ^'71,72:0 ' ' ^71,7010 7ii72,0 

for distinct pairs (71,72), (71,72): (71,72) in {l,...,_p}^. We have 0(A) = (i?i,i?2), 
for reducible nodes i?i and R2 such that i?i S C^j n C^' and i?2 € C-yj n C^;^ . There 
are exactly two distinguished points in (/)~^(i?i, i?2). Indeed, assume w.l.g. that (/> 
is, locally around (i?i,i?2), the blowup of C^ along C^^ x Cj^; these distinguished 
points are 

Ai = Cj-^^y2,4> ^ Cj-^^j^^^ n (^^(,72,0 n (i?i, i?2), 
^2 = C!-/[,y;^,<i> n C^(,72,0 f^ C'^1,7^,0 1^ 0^ {Ri,R2)- 



8 MARCO PACINI 

Consider the fiber product C^ XbC. For every distinguished point A of C^ as in 

(3) and for every node 5* of C, the local completion of C^ x^ C at {A, S) is given by 

-_ ^ K[[u,v,w,zo,zi,t]] ^ K[[u,v,w,zo,zi]] 

C XbC,{A,S) [uvyo — t, ZqZi — t) [uVW ~ ZqZi) 

where u, v, w are local coordinates of C^ at A and where zq, zi are the local coordi- 
nates of C at S*, and where the map tt: C — > B is given locally at 5' by i = zo-^i- 

We see that {A, S) is contained in the singular locus of C^ x^ C. Assume that 
S € C-yflC-y', for (7,7') in {!,... ,p}^. To get a desingularization of C^ XgC locally 
around [A^ S), one can blowup first along the Weil divisor C^^^^^^^ x C^ of C^ and 
then along the strict transform of the Weil divisor C^^ ,^/ ^ x C^i . In fact, that there 
are six ways to produce a desingularization of C^ locally around (A, S) by means 
of similar blowups. The local picture of these blowups is illustrated in Figure 2. 

Perform a chain of blowups 

(4) i^:&:=C%H-.-^Cl^Cl^&^:=&y.BC 

where ipi is the blowup of Cf_]^ along (the strict transform of) some Weil divisor 
(f)~^{Zi^i x Zi.2) X Zi,3 of C^ >^bC (via ipio ■ ■ ■ o ipi-i), for subcurves Zi^i, Zi^2, and 
Zi.3 of C. If the chain in (4) is long and varied enough, the strict transforms via ip 
of any divisor of type Zi x Z2 x Z3, for subcurves Zi, Z2, and Z3 of C, is a Cartier 
divisor of C^. In this case, we call a map ■(/' : C'^ — >■ C^ x b C as in (4) a good partial 
desingularization of C^ XbC. 

Fix a good partial desingularization t/j: C^ — > C^ x^ C of C^ x^ C. For each 
(7, 7', to) in {1, . . . ,p}^, we let C^^^'^m,^ be the strict transform to C^ of the divisor 
C-y, 7', 0xCm of C^x^C via '(/'■ We will consider the family of curves pi : C'^XbC -^C^, 
where pi is the projection onto the first factor. We let ^: C"^ — > C^ x^ C — > C be 
the composition of ip with the projection onto the last factor. For a distinguished 
point A of C^, we set 

XA-.^iPiot/jy^A). 

Recall that there is an identification of Xa with C(2) and of ■iP{Xa) with C, and 
that the contraction map fi: C(2) — > C identifies with V'Ixa • ^A — > V'(-^a) (see [9, 
Statement 2 of Lemma 3.2]). For each 7 in {1, . . . ,p}, we will denote by C^ the 
strict transform to Xa of the component C^ of V'(^a) via 4'\xa- 




(A.ST 




Pi, 



v=0 / 
UA 



C(2) = X^cC3 C^^{Xa)^p1^{A)(iC-xbC AeC^ 

Figure 2. The local picture of the chain of maps C^ ^ C"^ Xb C ^ C^. 

Moreover, if the node 5 of C is such that S G Cj Ci C^/, for (7,7') in {!,... ,p}^, 
we will denote by Es^-y (respectively Es^-y') the ^|jf^ -exceptional component oi Xa 
contracted to {A, S) and intersecting Cj (respectively C-y'), and we put 

Es ■.= Es,jUEs,Y. 
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Let A be a distinguished point of C^ as in (3). A slice ofC^ through A is a section 
A : _B — > C^ of C^ / B sending the special point of _B to A and such that the puUbacks 
of C-yi,-y2.0, C-yj_-y'.0 and C^',-y2,0 ^i^ -^ s-'"*^ ^11 prime. Form the Cartesian diagram 



(5) 



W — ^-^ C3 



Pij/i 



^ n2 



By [9, Proposition 4.6] we have that p is a smoothing of Xa-, which we cah the 
X-smoothing of Xa- 

2.3. Abel maps and their extensions. Keep the notation of Section 2.2. Let a 
be a section of tt : C — )■ i? through its smooth locus. Let V he & relative invertible 
sheaf on C/ B of relative degree 2 + / and £ be a polarization of degree / on C/B. 
The {V, f )-Abel map of C/B is the map 

(6) Q^^giC^-^;// 

sending a pair (Qi, Q2) of points of the fiber C,, of tt over the generic point jy of B 
to the invertible sheaf 'P\cr,{—Qi — Q2)- If deg^. V = deg^. Oc{'2.cf{B)), for every i 
in {1, . . . ,p}, and if f is a canonical polarization, we set 

(7) a" :== al^s 

and call it the Abel-Jacobi map of C/B. 

The (7',£)-Abel map of C/B is defined at least on the open subset Cjj Xb Crj of 
C^. To get a natural extension, we resort to the notion of Neron model. Let J^ 
be the degree-/ Jacobian of C,,. The Neron model of J^ is a i?-scheme N{J^ ), 
smooth and separated over B, whose generic fiber is isomorphic to J^ and uniquely 
determined by the following universal property (the Neron mapping property): 
for every _B-smooth scheme Z with generic fiber Z,, and for every {ry}-morphism 
Urj'. Zrj -^ Jc,-,, there is a unique extension of w^ to a morphism u: Z ^ -^{•^c )■ 
For more details on Neron models, we refer the reader to [3]. 

Theorem 2.1. The B-smooth locus of Jf is isomorphic to N{J^ ). 

Proof. See [4], [19, Theorem A] and [20, Theorem 3.1]; see also [6]. D 

Let C be the smooth locus of tt and set C^ := C Xb C. Since C^ is i?-smooth, 
combining the Neron mapping property and Theorem 2.1, the map Oj, ^ induces a 
morphism 

(8) a^,^, -.C^^jT, 

which is called the Abel-Neron map. Although the definition of the Abel-Ncron 
map is natural, it is not modular. We will discuss further down how one can 
reinterpret this problem. 

If M is a degree-/ invertible sheaf on C, then there is a divisor _D of C supported 
on C such that L (^ Oc{D)\c is an invertible sheaf which is cr(0)-quasistable with 
respect to £. Moreover, D only depends on the degree of L on the components of 
C and it is uniquely determined up to sum- up multiples of the divisor C of C. 
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For each (7,7') G {l,...,p}^ and for smooth points Q^ and Q-f' of C lying 
respectively on C-y and Cy' , we let Z ' , be the divisor of C supported on C such 
that the invertible sheaf 

is cr(0)-quasistable with respect to £. Write 

p 






m— 1 

where a^l^^rn ^ 0- I^ degp. T' = deg^. Oc{2a{B)), for every z in {1, . . . ,p}, and if 
f is a canonical polarization, we set 



For every (7,7') and {m, n) in {1, . . . ,p}-, we define 

(9) (5(7, 7', m, n) := a^,^',m - a7,7',n- 
Notice that 

(10) (5(7, 7', m, n) = (5(7', 7, m, n) == -(^(7', 7, n, m). 

Let (/): C^ ^ C^ and V': C'^ ^- C'^ x^ C be good partial desingularizations. Con- 
sider the maps pi, p2- C'^ — ;■ C^, where pi is the projection onto the product over B 
of the i-th and last factors of C^, for i = 1, 2, and put A^ := p~^(A). We let Ai 
and A2 be the strict transforms of Ai and A2 to C^. Recall that ^ is the composed 

map ^: C^ —^ C^ 'Kg C ^f C, where the second map is the projection onto the last 
factor. Consider the invertible sheaf £ , ' on C^ defined as 

\ i<i>'^<P"ie{i,...,p} 

If deg(-;. V — deg^. Oc{2a{B)), for every z in {1, . . . ,p}, and £ is a canonical polar- 
ization, then we set 

(11) A. :=4'^- 

The relative sheaf '0*'^^, ' on C^ x^ C/C^ induces the rational map 

(12) a^o<j>:C^ ~-^7P 

agreeing with the ("P, £)-Abel map oiC/B over CrjXBCr) and sending a pair {Qy, Q-y') 
of smooth points of C lying on Cy and Cy' , to the cr (O)-quasistable invertible sheaf 

Recall that pi : C^ XbC -^ C^ denotes the projection onto the first factor. Let cr' 
be the section of pi obtained as pull-back of the section cr of tt: C —> B. Since the 
restriction of i'*C^' to pj~^(C^) is a cr'-quasistablc invertible sheaf on p^^{C^)/C^, 
we see that the Abel-Neron map is induced by such a restriction. Therefore, to get 
a modular description of the Abel-Neron map, it suffices to describe the integers 
^ikm appearing in the definition of C^ ' . It is possible to do that for the integers 
cti,k,m by means of certain subcurves of C, as we will see in Theorem 2.4 of the 
next section. 
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Finally, let us recall an important property whose proof is in [9, Proposition 
4.6]. Fix a slice A: S ^ C^ of C^ through A, let W ^ B be the A-smoothing of 
Xa and 6': W ^ C'^ be the induced map (see Diagram 5). If (i?i,i?2) is a pair 
of reducible nodes of C, it follows that there are relative Cartier divisors Fi and 
T2 on W/B intersecting transversally Xa respectively in £'^1.71 and En^^-y^, and a 
Cartier divisor _D of W supported on i/i |jf a "Exceptional components such that 



(13) e* [I^^^^, ® Ia.|c3J ^ OMD - Fi - F2). 

2.4. Nested sets of tails. Keep the notation of Sections 2.2 and 2.3. For every 7 
in {1, . . . ,p}, consider the set of nested 1-tails of C associated to C^ 

T^ :={Z : Z isa. 1-tail such that C^ C Z and fT(0) G Z" }. 

By [7, Lemma 4.3], if W and W are in Xy\ then either M^ ^ M^' or VF' -< W. 

Lemma 2.2. Fix (7,7') in {l,...,p}^. If Z and Z' art 2-tails of C such that 
a^UCy C Z A Z' and a{0) € Z'= A {Zy , then Z A Z' is a 2-tail of C . 

Proof. See [22, Proposition 4.1]. D 

Thanks to Lemma 2.2, we can define the set of nested 2-tails of C associated to 
(o^, Oo/' ) as 

T^^y = {Wl...,Wl,} 

where, if we set W^^ := 0, the tail W"^ is inductively defined as the 2-tail which is 
minimal (with respect to inclusion) among the 2-tails Z of C such that C^UC-,,' C Z, 
cr(0) e Z" and Wl_-^ < Z, for every t in {0, ... , M}. 

Lemma 2.3. Fix (7,7') in {1, . . . ,p}^. If Z and Z' are 3-tails of C that are T?^/- 
free and such that C-y U C'-yi C Z A Z' and (t(0) G Z"^ A (Z')'^, then Z A Z' is a 
Tl^-freei-tailofC. 

Proof. See [22, Proposition 4.5]. D 

Thanks to Lemma 2.3, we can define the set of nested 3-tails of C associated to 

(L/^, f^-yf j as 

r^]y = {w^,...,w'^} 

where, if we set W^^ -^ ^^ the tail W^ is inductively defined as the 2-tail of C which 
is minimal (with respect to inclusion) among the 2-tails Z of C that are T?-,/-free 
and such that C^ U Cy C Z, cr(0) G Z" and Wf_i ^ Z, for every i G {0, . . . , iV}. 

Notice that the sets T^, 7? , and T^ , are totally ordered sets (with respect to 
inclusion). For every (7, 7') in {1, . . . ,p}^, we set 

Theorem 2.4. Let tt: C ^ B be a smoothing of a nodal curve C with irreducible 
components Ci, . . . ,Cp. For every (7, 7') in {1, . . . ,p}^ , we have 



Oc{Zy,y.)\c^Oc - E ^ 



Proof. See [22, Theorem 6.3] D 

We will often use the following results. 
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Lemma 2.5. If Z is a 2-tail of C such that C-y U C-y' C Z and cr(0) C Z'^, then 
there is a Z -terminal tail W in T3^r such that W Q Z . 

Proo/. Sec [22, Corollary 4.2]. D 

Lemma 2.6. If Z is a 3-tail of C such that C^ U C^' C Z and a{Q) C Z^, then 
there is a Z -terminal tail W such that either W G 73^,, or W G 7Zf-y' and W ^ Z . 

Proo/. See [22, Corollary 4.6]. D 

Lemma 2.7. Let Z he a tail of a nodal curve C . The following properties hold 
(i) if Termz C Z', for some tail Z' of C , then either Z C Z' , or Z^ C Z' ; 
(ii) if ^{Termz r\ Termz') ~ kz — 1, for some tail Z' of C , then {Z, Z') is perfect; 

(Hi) if kz > 2, then (Z, Z') is free, for every 1-tail Z' of C . 

Proof Sec [22, Lemma 3.4]. D 

3. Admissibility 

Let TT : C — > -B be a smoothing of a nodal curve C. In this Section we will show 
that, for given good partial desingularizations (p: C^ -^ C^ and -0: C"^ -^ C^ xb C, 
■0*£^ is a relatively torsion-free rank-1 sheaf on C^ Xb C/C^ (sec Theorem 3.6). 

3.1. Comparing nested sets of tails. Keep the notation of Sections 2.2 and 2.3. 
For a subset A/" of the set of nodes of C and for a set S of subcurves of C, we define 

ds,J\r := #{W eS : Re Tcrmw, for some R e TV}. 

For every {i,j, fc) G {1, . . . ,p} and s G {1, 2, 3}, we set 

It is easy to see that if 7J\., f, is nonempty, then it consists exactly of a tail such 
that Ci n Cj is its set of terminal points. 

Proposition 3.1. Let C be a nodal curve with irreducible components C'l, . . .Cp. 
Let {i,i, k) in {1, . . . ,p}"^, where i ^ j and Ci C\ Cj is nonempty. We have 

(14) dr,,^uTjM,c,nc, < 1- 

For each s in {2, 3}, the set Tfu ■ ^ is a totally ordered set with respect to inclusion; 
the minimal of the tails ofTf^^x^j. containing a tail Z ofT^f^,-j^ is Z -terminal. The 
set 7^\| J, is nonempty if and only if exactly one of the following conditions hold 

(i) there is a unique tail of T^f, U T^f, that does not contain Ci U Cj ; this unique 

tail is the minimal element o/TJ^feu-fc- 
(ii) s = 3 and there is a unique Z -terminal tail in Ti\ U 7^\., where Z is the 
maximal tail of T^j^, . j,; this unique tail is the minimal element of T^j^, . j,. 

Finally, ifTj^/^i^f. is nonempty for some s in {2,3}, then Tj^f.\.j /. is empty. 

Proof. Assume that W and W are tails respectively of Ti^k and Tj^k terminating 
in d n Cj, and hence W ^ W. To show that (14) holds, we may assume that 
kw > 2, otherwise W = W, because any fc-tail with k > 2 is Z-iiee, for a 1-tail Z 
of C. Notice that {W, W) is not perfect, because 

C,CW A {Wy, Cj CW" aW and Ck^W A W. 
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Thus, by Lemma 2.7, we have kw = kw' = 3, and there is a node RoiC such that 

Tevmw n Tevvaw = Q n Cj = {R}. 
In the sequel, we wiU use the following relation that we proved so far 

(15) '^VkUTl^,c,nCj < 1 

We elaim that for each s G {2, 3}, the set T^'^, . j, is a totally ordered set with 
respect to inclusion and the minimal tail of 7^\| f. containing a tail Z of 7^\| ■ j, is 
Z-terminal. Notice that the claim for s = 2 implies that (14) holds: Indeed, since 
W U W crosses R and W A W does not contain R, these subcurves are 2-tails, by 
[22, Lemmas 3.1 and 3.3] and by the fact that any fc-tail with fc > 2 is .^-free, for a 
1-tail Z of C. In particular, Lemma 2.5 implies that there are {W U VF')-terminal 
tails X e T^f. and X' e 7^^. that are contained inWUW. If we write 

Termvyuiv — {S,S'}, for S G Ternivt' and S' G Termw', 

it follows that 

S" G Ternix, S' ^X', S e Tcrm^' and S* ^ X 

Hence X T^^, X' ^ 7^^,; also, X and X' do not contain each other, contradicting 
the fact that T^j,! ■ j, is totally ordered. 
Wc prove the claim for s = 2. Write 

Tl'fc = {W2t]t>o and 7^^ = {1^2t+i}t>o, 
where Wt -< Wt+2, for each t > 0. If 7^\.|,,- /. is nonempty, then the minimal tails 
'-'f '^fc ^^"^ 'K^k ^^^ different. Hence, using (15), exactly one of these tails do not 
contain Ci UCj (in particular, notice that (i) holds). We may assume that Wq does 
not contain d U Cj and Wq G T^fei, j,- If 7I\ is empty, then T^j, = {Wq} and we are 
done. If not, by (15) we have Ci U Cj C Wi, and hence tVo £ l^ij by the minimal 
property of Wo- We have two possibilities. Assume first that Wq ^ Wi. Then we 
have 4/^T^tc — 2, with W2 C VFi. Since the other inclusion holds by the minimal 
property of Wi, we get Wi ~ W2, hence T^u, j, = {Wq} and we are done. Assume 
now that (Wq, Wi) is terminal. Of course, we have Wi G T^j^u j,- If T^k = {^o}i 
then T^f. = {Wi} and we are done; if #7^\ > 2, then Wi C W2, by the minimal 
property of Wi . Iterating the reasoning, we deduce that 

T^kij.k = {Wo, Wi,..., W,n}, for some m > 0, 

where Wt-i C Wt and (Wt_i, Wt) is terminal, for each t G {1, . . . , m}. 

We turn now to the proof of the claim for s = 3. Arguing as we did for s = 2, 
one can prove the claim when (i) holds for s = 3 (in this ease, we can use that (14) 
holds and that TJ^i,- j. is empty). Assume that T^'^j.i j, is nonempty and (i) does not 
holds for s = 3. By the very definition of T^j^ and T\, we see that there are tails 
^to G 7^k\j,k and W^ G r^^yj^ such that {Wt„,Wi) is terminal. Since {Wt-i,Wt) 
is terminal for each t G {1, . . . , m} and since the set of terminal points of any tail 
™ T^k ^ "^"^ docs not contain Ci n Cj , there is a unique node of C that can be 
terminal for both Wtg and W^ , and this point belongs to Termw'„, ; this proves the 
uniqueness of Wq and that Wt^ = W„i. We may assume that Wq G 7^\. (and hence 
Wm S T„^k)- ^'^^ {W^/}t<o be the set of tails of Ti\ that are strictly contained in 
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Wq, with Wl_i -< Wl, for each t < 0. Since any tail in T^. contains d U Cj, we see 
that {Wl}t<co is also the set of tails of TK that are strictly contained in Wq. Let 

{W^,}t>o and {W^,+,}t>o 

be respectively the remaining set of tails of 7^'\. and TK . With the unique exception 
of Wq, all the tails of these two sets are {T^f. U T\.)-free. If either Tf/, is empty 
or W!_i is the maximal tail of T"'^^, then Wq is the maximal tail of T^'^ and wc are 
done. If not, since W'_i -< W{, we have Wq C W{, by the minimal property defining 
Wq. Wc can now proceed as in the case s = 2 and deduce that 

%%\j.k = {W^o, Wi, . . . , <}, for some n > 0, 

where Wl_i C Wl and (W/_i, W/) is terminal, for each t £ {1, . . . ,n}. The proof 
of the claim is complete. 

We prove now that, for each s £ {2,3}, the set T^^u^ ). is nonempty if and only 
if exactly one between (i) and (ii) holds. Using (14), we see that (i) and (ii) do not 
hold at the same time for s = 3. We proved the 'only if part during the proof of 
the claim. The 'if part is clear. 

Finally, assume that T^^'j.i j. is non empty for some s e {2, 3}. Using (i) and (ii) 
we see that there is a 2-tail or a 3-tail of %,k U Tj.k admitting the nodes of Ci n Cj 
as terminal points. Since T^^^,, ■ j, consists at most of a tail with Ci n Cj as terminal 
point, by (14) we see that TJ^i ■ j, must be empty. D 

Remark 3.2. For s in {1,2,3}, any two tails of 7^^^, and T-\ contain each other. 
It is clear if one of the two tails is in T{'^. fl 7""^,, otherwise we use Proposition 3.1. 

Remark 3.3. Suppose that T^^i j. is nonempty. Write Tf).,, j. — {Wq, . . . , Wm}, 
where Wt-i C Wt and {Wt-i,Wt) is terminal. Let Si S Tcrvnwo and 5*2 G Term^y^ 
be such that 5*1 ^ Termvi/j and S^ ^ Termvi'„_i- We call S'l and S2 the difference 
nodes ofl^^,- ^,. Up to switching S'l and 5*2, wc have 

(16) Si e C, n Cj and S2 G Termiy^, 

where Wq is the minimal tail of TJ'^i ,- j, (if nonempty). For every <in{l,...,n — 1}, 
we have 

(17) TcrmvKt ^ ^w<^T^ Ternivi/ and Termvi/j C U^yg7-2 Tcrm^K- 

The two inclusions appearing in (17) do not hold at the same time for Wq and Wm'- 
The points for which they fail to hold are exactly the difference nodes of 7^j.| ^. 

3.2. Admissibility conditions. Throughout the section, we keep the notation of 
Sections 2.2 and 2.3. In particular, recall the sheaf C^, introduced in (11). 

We say that C^ is tj:- admissible, if the restriction of C^ to every chain of ^- 
exceptional components has degree —1, or 1. The notion of admissibility is 
employed in Theorem 3.6 to show that V'*'C^ is a torsion-free rank-1 sheaf For 
more details on admissible invertiblc sheaf, wc will refer to [9, Section 5]. 

Lemma 3.4. The invertible sheaf Ctj, is ip- admissible if and only if the following 
conditions hold, for every Ri in C^^ n Cy and R2 in C-y^ H C^' , where (71, 7^) and 
(72,72) a^'e in {I, . . . ,pY , and for every {a, a') m{7i,7[}^ and{f3,P') m {72,72}^. 



THE DEGREE-2 ABEL-.IACOBI MAP FOR NODAL CURVES - II 15 

• If S ^ {i?i,i?2}, for some S G Cm H C„ and {m,n) £ {l,...,p}^ with 
m ^ n, and if Ca,p,it, H Ca',/3',4, ^ % in C^ , then 

(18) \6{a,l3,m,n) - S{a' ,l3' ,m,n)\ < 1. 

• IfRi^ R2, {a, a'} = {71,7a and {/3,/3'} ^ {72,72}. then 

(19) \5{a, /3, a, a) — 5{a, /3' ,a, a')\ < 1; 

(20) |,5(a,/3,/3,/3')-^(a',/3,/3,/3')|<l; 

(21) |<5(a, ^, a, a) - <5(a', ^, a, a') - 1| < 1; 

(22) |5(a,/3,/3,/3')-<5(a,/3',/3,/3')-l|<l; 

(23) |,5(a,/3,a,a')-^(a',/3',«,a')-l|<l, */Co,/3,^ n Ca.,^.,^ ^ 0; 

(24) |,5(a, /3, /3, /3') - <5(a', /3', /3, /?') - 1| < 1, ^f C„,/3> n C„-,^-,^ ^ 0. 

• If Ri = i?2 a?irf {0^7 Q;'} = {7ii7i}i ^^en 

(25) |(5(a,a,a,a') — (5(a,a',a,a') — 1| < 1. 

Proof. The proof follows from [9, Theorem 6.5], using the relations (10). D 

Lemma 3.5. Let {i,j, k) be in {1, . . . ,p}'^, where Ci HCj is nonempty. Then there 
is a possibly empty subcurve Y of C with Ci C Y and Cj C y^, and such that 

Oc{Z,,k)\c-Oc{Z,,k-Y)\c. 

Proof. First, we claim that if there is a nonempty subcurve y of C such that 

Oc{Z,,k~Z,,k)\c-Oc{~Y)\c, 

then Ci C Y and Cj C y=. Indeed, for each m E {1, . . . ,p} fix a smooth point Qm 
of C lying on Cm. For each pair (to, n) e {1, . . . ,p}^ consider the cr(0)-quasistable 
invertible sheaf Nm,n on C defined as 

Nm,n ■■= Oc(2fT(0) - Q„ - Q™) ® Oc(^n,m)|c. 

We have Ni^k = N' ® Oc{-Y)\c, where 

N' := Oc{2a{Q) - Q, - Qu) ® Oc{Z,m)\c- 
Notice that 

{Pn,,^ {W) if either C, U Q C M^ or C, U Q C Vl/'^; 

/^A',,. {W) + 1 if a C ly- and Q C W- 
Pn,.^ {W) - 1 if a C ly and Cj C M^^ 

Since Y is nonempty, A^' is not o'(0)-quasistable, and hence there is a subcurve W 
of C such that /3Ar'(W) < (where the inequality is strict if P ^ W), with Ci CW 
and Cj C 1^=. Using that N,^k = N'®Oci-Y)\c and that N,^k is cr(0)-quasistable, 
it follows that Ci CY AW and Cj C y= A T^^'^. The proof of the claim is complete. 
Suppose that 7~^\|, ;. is nonempty. Then 7^\| ■ ^ consists of one tail Y terminating 
in d n Cj. By Lemma 3.1 we have that T^\i, ^ ^^ s^Pty, for each s £ {2, 3}, hence 

Oci±{Z.,^k - Zj,k))\c - Oc{-Y)\c. 
and hence we are done. Thus, we may assume that 7^\.| ■ ^ is empty. Write 

r^kij,k = {w^o, . . . , Wm} and T^,y^, = {w;,,..., W'^} 
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where Wt-i C Wt, W7_i C Wi and where {Wt-i,Wt) and {Wl_^,W[) are terminal 
(see Proposition 3.1). We have 

Cm- n \ 

t=0 t=0 / 

for some e G { — 1, 1}. Since Wt-i C VFt and W^/_i C PF/ , there are subcurves X 
and X' of C such that 

rri n 

X = E(-l)""*W^t and X' = E(-l)""*^t- 

If one between 7^^,! ^^ and TJ^^.!. j. is empty, then we are done. If not, then it fohows 
from Proposition 3.1 that Wq is VFm-tcrminal, hence we have e = (—1)"+^ and 

(26) Oc{±{Z,., Z,Mc ^ Oc U-ir+'X + eVi)"-*^^; j Ic 

Notice that X is a 2-tail admitting the difference nodes Si and 5*2 of 7^^^.|,j, as 
terminal points. Since W^^ crosses the nodes of the set Ci fl Cj., it follows from (16) 
that 5*1 and S2 arc contained in M^q. Since cr(0) is not contained in X, it follows 
from Lemma 2.7 that X C W^. We deduce that the right hand side of Equation 

(26) is isomorphic to Oci—Y), for some subcurve y of C. D 

Theorem 3.6. LeA tt: C ^ B be a smoothing of a nodal curve C . Let (p: C'^ ^ C'^ 

and ip: C'^ ^ C^ Xb C be good partial desingularizations. Then the invertible sheaf 
Ctp is ip- admissible. Moreover, ip*^tl! "Is a relatively torsion-free, rank-1 sheaf on 
C^ XbC/C^ of relative degree 0, whose formation commutes with base change. 

Proof. Let us check the conditions of Lemma 3.4. Let i?i G C^^ n C-^' and R2 G 
C^,nC^^, where (71, 70,(72, 72) e{l,...,ri^. Let (a, a') G {7i,7i}2 and (/3, /3') G 
{72,72}^ such that Ca,^,0nCa',/3',<^ 7^ 0- Let S G CmnC„, for {m,n) G {l,...,pY 
and m ^ n. We will often use that, for every (a, h) G {1, . . . ,p}^, we have 

(27) 5{a,b,m,n) ^ ^ ^w, 

TeTermw 

where evv = 1 (respectively cw ~ —1) if Cm C W (respectively C„ C W). 

Assume that S ^ {i?i,i?2}. By Lemma 3.5, we see that (18) holds if either 
a = a' or /3 = /3', so we can reduce to the case in which 

{a,a'} = {7i,7;} and {/?,/3'} = {72,7^}. 

If Ri ~ R2, then {a,/?} = {71, 7i} = {o;',/?'}, (recall that the first blowup per- 
formed by 4> is along the diagonal of C^), hence (18) holds. Moreover, (18) holds 
if S* is a separating node of C. Indeed, in this case, let M^ be a 1-tail of C such 
that Termiy = {S}. Since C^^ n C^j 7^ and S ^ Ri, it follows that Ca U Ca' is 
contained either in W or in W^. Similarly, C^ U Cp' is contained either in W or in 
W^. Since W is Z-iree, for every tail Z with kz > 2, it follows that 

S{a, (i, m, n) — S{a' , (3' , m, n). 

Therefore, to prove that (18) holds, we may assume that i?i j^ R2 and that 
the subsets of tails of 7^,/3 and of Ta',i3' admitting S as terminal point consist 
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respectively of a tail Wi and of a tail W2 (that are not 1-tails). We may also 
assume that Wi U W2 crosses S, otherwise S{a, /?, to, n) = S{a', j3' , m, n) and we are 
done. Notice that (W^i,W2) is not perfect, otherwise Wi C W|, hence 

C„ U C/j C W!^ and C^' U Cp. C W^, 

from which we would get Termini = Term^Vj = {Ri,R2,S} and 14^2 = W^, which 
is not possible. Since (^1,^2) is not perfect, by Lemma 2.7 we can write 

TermH/, = {S*, C/j, t/{} and Termvi^, = {S*, C/2, t/^}, 

with L/i ^ VK2, U[ ^ P^2^ C^2 ^ Wi, U^ ^ W^ and {[/i, [/2} n {[/{, f/s} = 0. Notice 
that W^i U W2 and W'l A W2 arc 2-tails, with 

Termvi/jUWa = {Ui,U2} and Termv^i AIV2 = {Ui.U!^}- 
We claim that VFi U W2 and VFi A W2 are distinct tails of T2,p\a,p' and M^i A W2 
crosses R\ and i?2- Indeed, by Lemma 2.5 there are {Wx U M^2)-terminal tails 

all contained in Wi U W2- Of course, t/i Termjf^ and C/2 ^ Tcrmxa, hence 

Ui e Termxa, Ui ^ Xi, U2 e Tcrmxi and U2 ^ X2. 

Fix i G {3,4}. We have Ui S Term^^, otherwise Ui Xj and t/2 S Termx^, 
which implies that X2 and Xj do not contain each other, contradicting Remark 
3.2. Analogously, using Xi and Xi, it follows that U2 € Termx;- We deduce that 

VFi U VF2 = X3 = X4 e Ta^fi\a,l3' ri Ta,fi\a',P ^ Xi,i^'\a' ,13' ^ Xi' ,l3\a' ,^' ■ 

Thus, combining (14) with the condition (i) of Proposition 3.1, we see that Ca, 
Ca', Cp and Cpi are contained in Wi A W2. In particular, we can repeat the above 
argument replacing Wi U W2 with Wi A W2 to get Wi AW2 € T^ Ma »'■ Fhially, 
the tails Wi U W2 and Wi A W2 arc distinct, since 

S e (l^iUl^2)\(I^i AVK2)- 

It follows from the claim and Proposition 3.1 that Wi A W2 is a tail of T^ ai^ b' 
which is neither minimal nor maximal. Using (17), we get 

TermwiAiVa ^ Uvi^gT-j^^Termvi/, 

which yields a contradiction because U{ S Termvi/i H TermiYiAWi and M^i G 7^«. 
We see that (18) always holds. From now on, we may assume that 

{a,a'} = {7i,7;} and {/3,/3'} = {72,72}- 

Notice that (19) and (20) hold by Lemma 3.5. Using (10) and again Lemma 3.5, 
we see that to show (21) and (25), it suffices to prove that 

(28) 5{a,P,a,a')-S{a',/3,a,a')>0. 

If S{a, /3, a, a') < 0, then there is a tail W in Ta,i3 such that Ca' C W and such that 
Term^y contains Ca H Ca' (hence Ca is not contained in W) . The unique possibility 
is that W G Ta, with a ^ (3, and that C^ n Ca' is a separating node. We obtain 
that S{a,l3,a,a') = —1 and i5(a',/3, a', a) = 2. Similarly, li 6{a' , /3,a' ,a) < 0, we 
obtain that S{a\ /?, a', a) = —1 and S{a, /3, a, a') = 2. Since 

i5(a, /?, a, a') — (5(a', /?, a, a') = (5(a, /?, a, a') + (5(q;', /3, a', a), 

we see that (28) holds. One can prove (22) in a similar fashion. 
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Finally, again by Lemma 3.5, we have 

(S(a, /3, a, a') - S{a, /3', a, a') + <5(a, /3', a, a') - 6{a', P' , a, a') < 2. 

Therefore, we see that (23) holds once we show that 

5{a, l3, a, a) — S{a\ j3' , a, a) > 0, 

and one can prove that this is true with a reasoning similar to the one employed to 
prove (28). One can prove (24) in a similar fashion. 

The last sentence is consequence of [9, Proposition 5.2] D 

4. The analysis locally around the diagonal 
We will keep the notation of Sections 2.2 and 2.3. Consider the map 

defined in (12) and induced by the relative sheaf tp*C^' on C^ Xb C/C^. The goal 
of this section is to provide conditions ensuring that a^ o is defined locally around 
the locus of C^ lying over the points {R,R) of C^, for R G J\f{C). The conditions 
are always satisfied by the Abcl-Jacobi map of C/B (see Theorem 4.4). 

Lemma 4.1. Let C be a curve and ^: C{d) -^ C be the contraction map, for a 
positive integer d. Let £ be a polarization on C and P be a smooth point of C{d). 
Let C and M be invertible sheaves on C{d). Let TZ be the set of ^-exceptional 
components. Assume that there is a smoothing X ^ B of C{d) such that 



If C is ^-admissible and A4 is P-quasistable with respect to fi*£, then fi^C is fJ.{P)- 
quasistable with respect to £. 

Proof. Use [9, Propositions 5.2 and 5.3], observing that an invertible sheaf on C 
which is P-quasistablc with respect to /i*£ is /i-admissible. D 

Recall the identification of Xa with C(2) and of iIj{Xa) with C, and of the 
map /x: C(2) — > C with ^\xa ■ ^A — > iIi[Xa). Recall that S, is the composed map 
^: C^ ^f C^ y. B C ^ C , where the second map is the projection onto the last factor. 



Lemma 4.2. Let A be a distinguished point of C^ in the intersection of the divi- 
sors (7^,1,^2,0, C.^1,7^,0 and C.^;,72,,#, ofC'^, for (71,71) and (72,72) *" {'^,---,pV- 
Consider the Cartier divisor D of C^ given by 
p 

771 — 1 

Let Q^-^ and Q-y^ fee smooth points of ^j{Xa) lying on C-y-^ and C^^- Th<2n Oc3{D) 
has degree on the ip\xA-exceptional components and the invertible sheaf 

ii^*Cv)U.iXA){-Qj, - O72) ® V^*c)c3(^)Iv'(Xa) 

is a{0)-quasistable with respect to £\ii,(Xa)- 
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Proof. Fix a slice \: B ^ C^ through A, let W — ;■ S be the A-smoothing of Xa 



a. 



71,721™' 



and 0: W — > C^ be the induced map (see Diagram (5)). Set a„. 

Fix a node 5 of C such that S € Cm H C„, for (to, n) 6 {1, . . . ,p}^ and m ^ n, 
and set 

Xa,s '■= Cm U C„ U i?s- 

By [9, Table 1 of Lemma 3.2], there are (i, k), (i, /), (j, fc) in {1, . . . ,p}^ such that 

{(*,fc),(z,/),(j-,fc)} = {(7i,72),(7i,7^),(7i,72)} 
and satisfying the following properties 

Ci^k,m,ij n Xa^s = Cm U Es and Ci^k,n4' n X^.5 = C„; 
Ci,i,m,ii) n X^^5 = CV,i U £'s,m and Cij^n,ip n X^_5 = C„ U Esy, 
Cj,k,m,ti) n -'^A^s — Cm and Cj^k,n,jp n X^_5 = C„ U -Es- 

Therefore, we obtain 

(29) e*0^,{D)\x^ ~ 0>v(^i +^2)|x^ 

where 

Di := — amC,„ — am(C,„ + Es,,n) — CtmXCm + Es) 
-a„C„ - aniCn + Es,n) ~ 01„{C„ + Es), 



(30) 



and where D2 is not supported on Xa,t- 

It follows from (29) and (30) that Ow{Di + D2) has degree on every ip- 
exceptional component. Moreover, for each 771 € {1, ... ,p}, we have 

degp^ Ow{Di + D2)=Y^ #{Cm n C„) • (a™ - a„). 

Therefore, V'*C'c3(^)|i/j(Xa) ^"^"^ C'c(^Z^'72)lc arc invertible sheaves on C with the 
same degree on irreducible components of C, which proves the last sentence. D 

Lemma 4.3. If C,' ® Oxa *■* ■(/'Ixa"'^^'^*'^''*^^^ '^^'^ *^'' push-forward via iJj\xa '■^ 
a{0)-quasistable with respect to £|^(x^); /or a distinguished point A of C^ , then the 
map a^ £ o (j>: C^ --^ J'f induced by the relative sheaf ip^C^/ on C^ Xb C/C^ is 
defined on an open subset ofC^ containing A. If this condition is satisfied for every 
distinguished point A £ (f)~^(Ri, R2) of C^ , where {Ri,R2} C Af(G), then the map 
a^ o (p is defined everywhere. 

Proof. If C^,' ® Oxa is V'lx^'admissible, then its formation commutes with base 
change (see [9, Proposition 5.2]). Assume also that its push-forward via iIj\xa is 
a(0)-quasistable with respect to £'|.^(x^). Letpi: C'^XbC -^ C^ andp2: C^XbC — > C 
be the projections onto the first and last factor and let a' be the section of pi 
obtained as pull-back of the section ct of tt: C — >■ -B. Since quasistability is an open 
property (see [14, Proposition 34]), ip^C^l -i,jj-, is cr' |[/-quasistable with respect to 

P2£, for some open subset U of C^ containing A, and we conclude that Oj, ^ o cj) is 
defined on U. The second statement follows from [9, Lemma 6.3]. D 

Theorem 4.4. Let n : C ^ B be a smoothing of a nodal curve C with a section 
a through its smooth locus. Let Ci,...,Cp be the irreducible components of C . 
Let V be a relative invertible sheaf on C / B of relative degree 2 -t- / and £ be a 
polarization of degree f on C/B. Let cj): C^ —t- C^ and ip: C^ -^ C^ Xb C be good 
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partial desingularizations. Let R be a node of C such that R £ C^ Cl Gyi, for 
(7, 7') G {1, • • ■ ,p}^ arid 7 7^ 7' and A G (f>^^{R, R) be a distinguished point of C^ . 
Assume that the following conditions hold 

(i) there is a possibly empty subcurve Y of C with C^ ^Y and C^i C Y'^, and 
such that 

Oc{Zl'')\c^Oc{z'^:^,-Y)\c-. 






(ii) C^' ®Oxa is ip\x a -admissible 



Then the push-forward of C^' ® Ox a ^^'^ V'Ixa ^^ a'{0)-quasistable with respect to 
£\^(Xa)- Hence, the map a^ocj): C^ --^ Jf induced byip*-^^' is defined on an open 
subset of C^ containing A. The conditions (i) and (ii) are satisfied when deg,^. V = 
dcgp. Oc(2cr(B)) for every i £ {1, • ■ • ,p}, and £ is a canonical polarization. 

Proof. Recall that there is an identification of Xa with C(2) and of iPIXa) with C. 
Abusing notation, we use the same symbol for both ip and iPIxa- We also use £ to 
denote £\^(Xa)- Fi^ ^ slice A: B ^)- C^ through A, let W ^- i? be the A-smoothing 
of Xa and 9: W —> C^ be the induced map (see Diagram (5)). By (13), there is a 
divisor Di of W supported on ^-exceptional components such that 

(31) r (x^^|c~3 ^Ia,\&) ® ^^4 - Ow{Di)\xA ® N, 

where A^ is a line bundle on Xa with degree —1 on C-y and Eji^yi, and degree on 
the remaining components of Xa- Set 

p \ 




and 



M' -.^9*0^, 



E c. 



7,7,7n,-0 

I v/ie{i,...,p} I 



Recall the definition of canonical lifting introduced in Section 1.3 and set 

f := i^ U Er. 
There is a divisor D2 on W/B supported on f/j-exceptional components such that 

M' ^ Ow{D2) ® Ow{-y) 

Set D:=Di+ D2. Since Oc{Z^^y)\c ^ Oc{ZJ^,'^^)\c, by Condition (i) we get 

(32) 9*C^'^ ® Oxa ^ {Ow{D) 9*CV «> M{^Y))\xa ® N. 

Set £ := £,*£\xa- Since £^' (8) Oxa is V'-a-dmissible by Condition (ii), it turns out 
from Lemma 4.1 and from Equation (32) that to conclude our proof, it suffices to 
show that the invertible sheaf 

N := {9*Cr ® M{-Y))\xa ® N 

on Xa is ?/'^"^('7(0))-quasistable with respect to £. 

Let 1/^ be a connected subcurve of Xa with connected complementary subcurve. 
Consider the (possibly empty) subcurves of C 

V' := ^p{V) A Y and V" := ipiV) A Y". 
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We have ^p{V) = V'U V". Notice that dcg^^ ^ N{-Y) = deg^^ ^, N{-Y) = 0. For 
every node 5 of C such that R^ S £ Cm n C,i fl F n F^, where m ^ n, we have 

(33) deg^,„.iV(-r) = | ^' if^^cy; 

I otherwise. 

Thus, the degree of N on every chain of '0-exceptional components is —1 or (by 
Lemma 4.2, 9*^*V (8> M has degree on '0-exceptional components). Therefore, if 
V is contracted by tp, then N is ■(/;~^(cr(0))-quasistablc over V with respect to £. 
We may assume that V and V are not contracted by iJj. In particular, if we set 

Ev := U Es, 

sev'nv" 

then i5y C V. We may also assume that C-y' C y^. 

Since C^/ C y=, the subcurve ip{V) does not cross i?, and hence R ^ V' O V" . 
Using (33), wc sec that deg^;,, N = -#VnV"; since Ey is the union of i^{V'nV") 
chains of rational curves, we get l3f^{Ey, £) ~ 0. Consider the subcurvcs of Xa 

Vi -.^L^' U lX" and V2 := L^' U L^" U Ey- 
Using that Ey C V, we have 17^1 "^ gv ~ 9V2 ^-nd hence 

Recall that there is an identification of tp{XA) with C. Let Q^ and Qy be smooth 
points of C lying on Cj and Cy and define the invertible sheaves A''' and A''" on C 

N' -.^ {^^,0*V)\ch2Qy) ® MM\x^) ® Oc{^Y)\c; 

N" -.^ (V^r7')|c(-Q^ - Qy) ® V^*(MUJ. 
It follows from Lemma 4.2 and Condition (i) that A^' and A^" are o'(0)-quasistable 
invertible sheaves on C with respect to £. Since g^v' = g^v' = gy and since the 
degree of ^*5 on ^/^-exceptional components is 0, by construction we get 

pfj{Ll\£)^pN'{V',£) and f3^{LX\£)^PN"{V',£), 
and similarly also 

Pi;,{lX',£)^Pn"{V",£) and Pi^{LX" ,£) = PN'iV" ,£). 
Notice that /Sf^iL^' A ^2"':^) = 0> because L^' A L^" = i^y. Therefore, we get 

/3f}{V,£) > f3f}{V^,£) 

= P^{LX\£)+Pfi{LX\£)-Ps{LX' MX\£) 

= Pn"{V',£) + Pn'{V",£) 

> 

where the last inequality is strict if cr(0) G V. Wc also get 

Pn{V,£) < Pf,{V2,£) 

= li^{Ll\£) + pf^iLf U Ey,£) - #{V' n V") 

= P^[Ll' ,£) + pf^{Ll\£) -2#{V' nV") 

= PN'iV ,£) + Pn"{V\£) -2^{V' r\V") 

< ky, + kyn - 2 #(!/' n V") 

= fcv(y) 

= ky 
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where the last inequahty is strict if cr(0) ^ V and the last equality holds because Z 
is connected. 

The last two sentences follow from Lemmas 4.3, 3.5 and 3.6. D 

Remark 4.5. We warn the reader that the proof of Theorem 4.4 can not easily 
modify to prove a similar result for more general distinguished points. In the proof 
we strongly use the obvious fact that Oc{Z ' , — Z ,' )\c is trivial. If Ri and 
i?2 are nodes of C such that i?i G Cj^ Ci Cy^ and R2 G C^^ Ci C^^, in general 
OAZ ' , — Z I )|c is not trivial. Thus, one should be able to describe such 
an invertible sheaf, possibly giving rise to difficult combinatorial issues. For this 
reason, in the next sections we will use a different approach. 

5. On some properties of distinguished points 

Let tt: C — ^ i? be a smoothing of a nodal curve C and 0: C^ — > C^ be a good partial 
desingularization. In this section, we will introduce the notions of quasistable and 
synchronized distinguished points of C^ via purely combinatorial conditions on C 
and (\). The key ingredient in the proof of Theorem 6.3 will be the following result: 
if a distinguished point is quasistable, then it is synchronized. The main goal of 
this section will be Propositions 5.3 and 5.6, giving necessary conditions for the 
proof of this implication. 

5.1. More notation and terminology. Keep the notation of Sections 2.2 and 
2.3. As depicted in Figure 3, we will let A be a distinguished point of C^, with 

where (71, 7J) and (72,72) are in {1, . . . ,p}^. We will set 

Va := {(71,72), (71, 72)> (71,72)}- 

Throughout the section, we will assume that 

0(A) = (i?i,i?2), with i?i,i?2 e A/'(C) and i?i ^ Ri. 

Notice that R\ G C^^ nC-y' and R2 G C..,2 '^^7^ ■ Recall the identification of Xa with 
C(2)andofV'(XA) withC, andofthemap/i:'c(2) ^Cwith^'U^: Xa -^^{Xa)- 




71 ,72'^ 



^ c , 

^7l ,72.' 



'-'71 ,72 ><J^ 

C(2) ^Xa^C^ a G & 

Figure 3. The local picture of A and the fiber Xa = Pi ° i-'^^iA). 

For each t in {1, 2}, let T^ be the nested sets of 1-tails of Xa ~ C'(2) associated 
to £'i?,t,7t. We will set 

Let TX be the nested set of s-tails of Xa = C{2) associated to [Eni^-yi , £'^2,72), f^'" 
each s in {2,3}. We will set 

TA-.^flufiufl. 
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Moreover, let 7^ « be the nested sets of tails of iI'{Xa) = C associated to (Cq, C/j), 
for each (a, (3) in Va and s in {1, 2, 3}. We will set 

ri := r,l,, U X;'^ ,, U 7;^, ,^ and Ta :- T} ^ ^ ^ Tl 

For each s in {2,3}, we define mg := #7^ — 1, and we will write 

Ta — 1^0' ■ • ■ 5^m^}- 
Moreover, we will write 

'^71.7. = {w^o , w^i, • ■ • }, r,\,y!, = {w^f , w^i, ■ • ■ }, r,i^, - {w^2^ w^i, ■ • ■ }, 

when these sets are nonempty. We have Y^t.^ -< Y"/ for every t in {!,..., rus}, and 
M^/_3 ^ ly/, for every subset {M^/Lg, VF/} of T|- 

5.2. Quasistable and synchronized distinguished points. Keep the notation 
of Section 5.1. We say that A is quasistable if the following two conditions hold 

#{{Ri,R2}n{UweT.^^,^uT^\,^Jermw)) < 1; 
#({i?i,i?2}n(UH.6r^, ,un ,Termw^))<l. 

We say that A is s- synchronized, for s G {1,2,3}, if the set function sending a 
tail Y of C(2) to the tail /i(F) of C induces a bijection 

Also, A is synchronized if A is s-synchronized for each s £ {1, 2, 3}. 

Let us collect some easy consequences of the definitions. If A is s-synchronized, 
then for every node S' of C we have 

(34) drj,5= E ^fi.s- 

In particular, if A is 2-synchronized, then for every t in {0, . . . , ma} we have 

(35) dq-2 g ^ 3, for every S G Tcrin^j/ys-). 

The following property holds for every F in TJf and Y' in 73 with {s, s'} = {2, 3} 

(36) if C^' C /i(y), for some i G {1, 2}, then i?t Term^(y) n Term^j-y/). 

Indeed, suppose that C^/ C /i(F) and Rt G Term^(y) n Term^jy/-). By Lemma 
2.7 the pair {^(Y), fJ-{Y')) is perfect. Since by definition we have EB,t,jt '^Y A Y', 
we see that Cy C fi(Y'y. Thus, the unique possibility is that fi{Y) and n{Y'Y 
contain each other, hence {i?i,i?2} is contained in Term^/y) and in Term^(y/), 
contradicting the fact that {fcp(Y),fcp(y')} = {2, 3}. 

Suppose now that A is quasistable and there are W in T^ ^ and W in T^, p, 
such that i?i G Termvi/ fl Term^i/', for (a, /3) and (a', /3') in Va- Then we have 

, -. (a, /3) = (71,72) and Term^i/ = {i?i, -R2} 

^ ^ (a',/3') = (71,72) and Termiy' n {i?i, i?2} = {i?i}. 

Indeed, first notice that (a, /3) 7^ (a', /?'), because i?i G Termvi/nTermvi/', and hence 
C71 C VF U W . Arguing as in the previous paragraph, we see that C^^ C M^ n W 
and that W and W contain each other. In particular, we have 

{(a,/3),(a',/3')}- {(71,72), (71,72)}- 
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If W crosses R2, then by Lemma 2.5 there are tails both in 7^ and in T3 .,/ 
admitting Ri as terminal point, which is a contradiction, because Ri G Termpt/'- 
Thus, we have Termw = {i?i,i?2}- Since A is quasistable, we see that (a,/3) = 
(71,72); since W and W contain each other, the tail W crosses i?2- 

Let s be in {2,3}. Define (s as follows: If s = 2, set (2 '■— 0; if s = 3, we let C3 
be the maximal positive integer greater or equal to 3 (if it exists) such that 

(38) Wf_3 = Wf_2 = Wf„i, for every t G {3, . . . , CJ with t = 0(3), 
and set C3 := otherwise. Notice that (s = 0(3). Fix (a,/3) G Va- We define 

if (a,/3) = (71,72); 

to:^{ 1 if(a,/3) = (7i,7^); 

2 if(a,/3) = (7i,72). 

In what follows, if cither T^ a — ^ (and hence (s = 0), or C^ > 3 and W? ^^ _3 is 
the maximal element of 7^* « , then we will set 

Lemma 5.1. Assume that A is quasistable. The following properties hold. 

(i) If d-y-2j^_^ ^ and S is a node of C such that dq-2g ^ 0(3), then either 

S G {-Ri,-R2} or S is the difference node of T^ , , distinct from R\. 
(ii) Ifd-T-2j^^ ^ 0, dri^Hi 7^ 0, then 

^m,i2 = Tl.,2 = Tln^ \ {WD and Term^^ = {i?i,i?2}, 
where W? is the minimal tail of T^ , . 

Proof. Let 5 be a node of C such that ^7-2 5 ^ 0(3). If ^7-2 i^^ 7^ and ^7-2 j^^ = 0, 
then 5 is a difference node of T^ 1 / , by Proposition 3.1(i). If d-y^j^^ ^ and 
^7-2 ^2 ^ 0, then there is a 2-tail ly with i?i and i?2 as terminal points. Indeed, if 
Wt is a tail of 7^ such that {i?i,_R2} H Termv^t = {Rt\, for each i G {1,2}, then 
Wi A M^2 is a 2-tail as required. Since A is quasistable, we have 

W = Wl, for some uG {1,2}, 

where W^ is the minimal tail of T^^ , . Since W^j^y, crosses i?i and R2 , we get 

(39) Wi_., C M/2^3. 

If a tail W of 7^ admits i?^ as a terminal point, then C^^ C W', otherwise by 
Lemma 2.7 the pair (VF^, W) would be terminal, with the unique possibility that 
VF,j and {Wy contain each other, implying W^ = (W'^, a contradiction. Similarly, 
if R3-U G Tciuiw', for some W G T^, then C^' C W' . Thus, the other inclusion 
in (39) holds and hence 

(40) 7;l73-„ = 7;l7u. \ {^'}' 

which concludes the proof of the first part item (i). 

Suppose now that d-j-2 j^^ ^ and d^s j^^ ^ 0. Let W £ T^ ^ and W G T^, p, 
such that Ri G Termvi/ n Termw, for (a,/3) and (a',/3') in Va- The properties 
stated in (37) hold. Arguing as in the first part of the proof, we get that (40) holds 
with u ~ 1. Moreover, W^ and W| cross both i?i and R2, the tail Wq because 
(a', /?') = (71, 72) and by (14), and Wl by (40), and hence ^^^^^^ = T^^^^. D 
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Lemma 5.2. Assume that A is quasistable and 2- synchronized. Assume that 
dq-2. j^^ 7^ 0, for some t in {1, 2}, and that d-j-2 ^^ = 0. Consider the set 

TZ ^ {W gTa'- Ri^ Termw and i?2 G Termw}- 

Assume that at least one of the following properties holds 

(i) there is Y E T^ such that Ri ^ Term^/y) OL'^d R2 G Term^tY)! 
(ii) TZ is nonempty. 

Then TZ admits a minimal tail W, which is the minimal tail ofT^ , , and ifY is 

as in (i), then W C ^{Y). If S is a node of C\ {i?i} such that d-j-2 g ^ 0(3), then 

S eW and dq-2 5 = 0. 

Tt-T3-t' 

Proof. Let W G T^ , such that i?i G Termv^'- Since d'j-2 ^^ ^ and d-j-2j^^ ~ 
and A is quasistable, by Proposition 3.1(i) we have 

^ ' '71.72 '71-72 ' '7i.72 '7i,72 

There is exactly a node S oi C \ {Ri} such that (^7-2 5 ^ 0(3); such a node is the 
difference node of T^ ,, , distinct form Ri. In what follows, we denote by Z 

71 .72 171.72 ^ ' ■' 

either a tail l-i.{Y), for Y as in (i), or a tail of 7?.. 

We claim that S is contained in Z and dq-2 s = 0. Set Xo := W . Write 

Termxo = {T^tTi}, where Tq := i?i, and Term^ = {R2,U^V}. 

Notice that Z A Xq admits i?2 as terminal point, hence Z A Xq is not a 2-tail, by 
(41). Moreover, Z is not Xo-tcrnhnal, otherwise Tcrm^o ^ ^, hence Xq C Z (see 
Lemma 2.7), a contradiction. Thus, by [22, Lemma 3.3(iii)] we see that Z U Xq is 
a 2-tail crossing both Tq and R2. We may assume that Tcrm^uXo = {^ii U}, and 
that Xq crosses V. By Lemma 2.5, there is a (Z U Xo)-tcrminal tail Xi in 7y 
such that Xi C Z U Xq . We may assume that Ti G Tcrmxi , otherwise U G Term^i 
and Proposition 3.1(i) would imply that 

Xl G T^^ ^^2 ^%1..1'2^%[:12^ 

hence Z Tj. Also, by (35), we would have Z ^ t^iY), for every Y G 7^, a 
contradiction in any case. Write Termjjfj^ = {Ti,T2}. Of course, T2 is not in Xq, 
because Xq C Xi, and hence T2 is in Z, because Xi C Z Li Xq. If S is equal 
to r2, then we are done. If not, then Z crosses T2 (otherwise, (i-7-2 j,^ ^ 0(3) and 
T2 = S") and there is X2 G X^ ^, such that T2 G Term^o and Xi C X2. Write 
Termxa = {?2,r3}. Arguing as before, ZUX2 is a 2-tail crossing both T2 and R2, 
with Ts and [/ as terminal points. The claim follows just by iterating the reasoning. 
If t = 1, then Cj' C Z, otherwise we would have 

C,,CZ and W'eT^^,^,^Tl,^; 

by the claim and by Lemma 2.6, Z would contain a tail of X?^ ^^ with R2 as terminal 
point, contradicting that A is quasistable. Similarly, if i = 2, then C^^ C Z, 
otherwise we would get the same contradiction by noticing that the properties 

c,,cz and w'€rl^^=rl^, 

imply that Z contains a tail of 73 , with R2 as terminal point. 
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Thus, using the claim and Lemma 2.6, wc see that Z contains a tail W in T^ , . 
Notice that W admits R^ as terminal point, hence W is the minimal tail of T'^ / . 
Since (i-7-2 ^^ ^ 0, the tail W crosses i?i, hence W ^ TZ. Since any Z contains 

VF, we see that W is the minimal tail of TZ and W C /i(F), for every Y as in (i). D 

Proposition 5.3. Fix s in {2,3}. Assume that A is quasistahle and, if s = 3, also 
2- synchronized. Then there is a permutation Tg of {0, 1, 2} such that 

and satisfying the following properties 

(i) if s ~ 2, or s = 3 with d-j-2j^_^ = d-j-2 j^^ ~ 0, then Ts(1) = 0; 
(ii) J/drj^Hi ¥" and drj^fli ^ 0^ ^'^e'^ Cs = 7-3(0) = 0. 

Proof. By Remark 3.2, for every t G {1,2} one of the following inclusions holds 

(42) Wl^^ C Wl or Wl C M^^^+t. 

Suppose that s = 2, or s = 3 with d-j-2 j^_^ = d-j-2 ^^ =0. If s = 3, using that A 
is quasistahle, we have 

(AO\ T-2 _ T-2 _ q-2 _ q-2 

\ I '71-72 71-72 7i72 7i,72' 

In particular, C,s = 0. If W/ ^ W^o — ^3-ti fo'" some t G {1,2}, of course we are 
done. Thus, by (42), we may assume that one of the following properties hold 

(44) Wo C W^ A W2 or W^ U W^ C Wq. 

If Wq = Wi , for some t G {1,2}, again we are done, hence we may also assume 
that W^ ^ VK/, for every t G {1, 2}. 

If the left hand side of (44) holds, by Lemma 3.1(i) we have that Wg admits 
{Ri,R2} as terminal points, contradicting the fact that A is quasistahle. If the 
right hand side of (44) holds, again by Lemma 3.1(i) we have 

i?i G Termvya and R2 G Term^ys . 

For every t G {1,2}, the tail W/ crosses i?t, otherwise either (M^f, iy|) is perfect, 
implying that Wl C [W2Y and hence s = 3, or s = 3 and Wl A W2 is noncmtpy. 
In both cases, s = 3 and Wf* Ul^| is a 2-tail, hence, by Lemma 2.5 we would have a 
{Wl U W|)-terminal tail in 7]|, and using (43) we would get a contradiction. Since 
W^ crosses Rt and contains R^-t as terminal point for every t G {1,2}, it follows 
from (43) and from Lemmas 2.5 and 2.6 that there are tails in 73 ^/ containing i?i 
and i?2 as terminal points, which is not possible because A is quasistahle. 

Suppose now that s = 3 and dq-2j^^ ^ 0, with Ri G Termvi/-, for W G 7^. By 
Lemma 5.1(i) there is at most one node 5" of C \ {i?i, i?2} such that d'T-2s ^ 0(3). 

In particular, there are distinct pairs (q;i,/3i), {a2,P2) G Va such that dq-2 g — 

"i./i'i ' 

d-r2 5, for every node S* G C \ {i?i, i?2}. If dn-3 jj = dn-3 j^^ ~ 0, we see that 
W^^^+t, = Wl^t^, for distinct <i,<2 e {0, 1,2}, 

and combining this equality with (42) we are done. If d-j-3 j^_^ ^ 0, then (^^ = 0. By 
Lemma 5.1(ii) we have dr^s = 0(3), for every node S G C\{Ri,R2}. Let W & Tj 
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be such that Ri e Termvy • By (37) wc have 

WeT^^^^, and Tcrm„,- = {i?i , i?2 } ; 

W = W^ G 7;3 _^^ and TcTUiw n {i?i, i^a} = {Ri}- 

Thus, Wi crosses Ri and R2; also, using Lemma 3.1(i), we see that Wo** C W2 and 
-Ri ^ Termvi/|, hence M^2* crosses i?i and R2 as well. We deduce that Wi = W2 
and, using again (42), we are done. From now on, we may assume s = 3 and 

drt.Ri 7^ 0> "^rl.-Rs ^ and dri,-Ri = ^rj.fls = 0' 

and hence that T^^^^^ = ^i.-y!,' 

We now use Equation (42), Remark 3.3 and Lemma 5.2. Suppose d-j-2 ^^ ^ 0. 

-11,12' 
We have i?2 £ Ternivi/s, hence W{ C W(f, and also d-j-2 g — dq-2 ^ = 0, for 

1 lirr2' ^l'^2' 

every node S* G C \ {i?i} such that d'j-2g ^ 0(3). Thus, if M^| crosses i?2, then 
Wq" C W^. If i?2 e Termvi/|, then Wf 'c W'l (recall that Wf is the minimal tail 
of the set TZ in Lemma 5.2). Suppose d-1-2 jj^ ^ 0. We have i?2 G Termw=. If 

R2 G Termvy^., for some t G {0, 1}, then we have W^ C W^ C Wl_i. If V^o" and 
Wl cross i?2, then, using that T^^^^^ = '^^7^' '^'^ have W^ = l^f . D 

Lemma 5.4. Fii s G {2,3}. Assume that A is quasistable and, if s = 3, also 
2- synchronized. If Y is a tail in T^, then ^i{Y) contains a tail ofTX- 

Proof. If s = 2, then /J.(F) is a 2-tails and, using that A is quasistable, we have 
Ca^Cp C /i(F), for some (a, (3) G Va- By Lemma 2.5, ^jl{Y) contains a tail in T^. 
Thus, we may assume s = 3. If ^i{Y) crosses i?i and R2, then we are done, 
because ^(Y) is T^j;-iree for some (a,/3) in 'P^ (just combine (35) and Lemma 
5.1(i)). If df2ji^ = d-j-2 j^^ = 0, then the fact that A is quasistable implies that 

-T-^ 'T'2 ^2 ^2 

7l>72 ~ 7li72 ~ 7l>72 ~ 71^72' 

hence /i(F) is (T4 U 7y ,)-free (see (34) and (35)). Using that A is quasistable, 
fJ.{Y) contains Cq U Cp, for some (a, (3) G Va, then /i(F) contains a tail of T|. 
Suppose that i?i G Ternivi/ fl Term^(y), for some W ^ TX- Since A is 2- 

/^, lor every 2 t /^ sucn xnat rti t lerm^jy), 

C^i ^ /^(>") A Ai(>"') and ^fli,^, C r A y', 

and hence dq-2ji^ < 1 and d-i-2j^_^ = 1 (see also (34)). Since d'j-2 j^^ = 1 and 
C-yj C Vl^, using that A is quasistable we have d-j-2 j^^ = d-j-2 j^_^ = 0, and 

W = W? e r^2,^-, with Termvy2 = {i?i,i?2}. 

By (14), we get d-y-2 j^.^ = and we see that the minimal tail of T^^^^^ is W^^-free. 
By Proposition 3.1, we deduce that 

T^ = T^, = T^ , \ 1 W^^l- 

'71.72 7i.72 71.72 \ I IJ' 

As a consequence of (35), we have that n(Y) is T?^ -free. Using again (36), we 
obtain that /i(F) crosses R2, then C^^ C //(F). By Lemma 2.6, /^(F) contains a 
tail in 72 ~, , and we are done. 

In the remaining cases, we are done by Lemma 5.2. D 



synchronized, W is the image via /x of a tail in Tj- Using (36) and the definition 
of 72, for every F' G T^ such that i?i G Term„(y'), we have 
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Lemma 5.5. Assume that A is quasistable and 2- synchronized. If Cs > 3, then 
#T2 > Ca and, for every t in {3, . . . , Cs} with t = 0(3), we have 

Proof Set W. := W!^, Y. := Y.^ and C := Cs- By Equations (34) and (38), the 
canonical liftings of Wt are T^-free for every t < (, and fit in a chain 

We see that #7^ > C and, for every t e {0, . . . , C — 1}, there is i G {0, 1, 2} such 
that Yt C Lj *, hence ^i{Yt) ^ Wt- By contradiction, assume that jJiiYu) ^ Wu for 
some M < C: and let m be the minimum for which this condition holds. If u > 0, we 
have Wu-i = n{Yu-i) C /i(K„) C W^ then by (38) we get u = 0(3) and hence 

(45) Wu-i - Wu-2 - Wu-i = ^i{Yu-i) = ^i{Yu-2) - ti{Yu-i) -< f^iYu). 

To get a contradiction, it suffices that Wu+j Q /^(^u)i foi' some j E {0,1,2}, 
because Wu+j = Wu for every j g {0,1,2}. Indeed, if n{Yu) crosses Ri and i?2, 
then it is 7^^-free for every (a,/3) S "Pa (use (38) and that A is 2-synchronized), 
and hence we are done by (45). On the other hand, if Ri G Term^i(y^), then m = 0; 
we need only show that /i(K) contains a tail of T^, which is true by Lemma 5.4. D 

Proposition 5.6. Fix s in {2,3} and t in {0, 1,2}. Assume A quasistable and, if 
s ~ 3, also 2-synchronized. Let t^ he as in Proposition 5.3. If 4t^TX > Cs + ^ o,''^d 
i^iyUt') = ^L+rAt') f""- ''"^^ t' m{0,...,t~ 1}, then W^^^^^^-^ C /i(i^cl+t) ^ C'. 

Proof. Recall that by Lemma 5.3 we have 

li t = Cs = ^ and TX ^ 9i, we need only show that fJ-iYg) contains a tail of 7^, 
which is true by Lemma 5.4. We have two remaining cases. 

Case 1: Cs ^ 3 (hence s — 3). By Lemma 5.5, we have #72 > Cs and 

f^iYl_,) = ^i{Y^l_,) = ^,iYl_,) = wi_, = wi^_, = wi^_,. 

We see that W?^__^^ -< fJ,{Y/^) and n{Yfl) crosses i?i and i?2, for every ti £ {0, 1, 2} 
and for every Yj* G TX with ^2 > Cs- 

Suppose #72 > Cs- Since W^,+rs(o) crosses Ri and i?2 and is not contained in 
C^{a,i3)£'PATa 13^ by Remark 3.3 there is a terminal point S of W(;,+r(o) such that 5 G 
C\ {i?i,i?2} and ^7-25 ^ 0(3). By Lemma 5.1(i), the last two properties uniquely 
determined 5*. Using (35) we see that fJ-{Y^J is 7^^-free for some (a,/3) G Va, 
hence it contains W^ _^^ /qn, concluding the case i = 0. 

Suppose #73 > Cs + 1 and f^iYfJ = W(^^+t{o)- Using (34), we see that either 
d-j-2 g = 1 and hence ^J,{Yf .^) is 7^o-free for two distinct pair (a,/3) in Va, or 
^7-25 = 2 and hence /i(y/^]^) crosses S and it is T^-frce. In any cases, we have 

(46) Wc^+rio) C W^c.+r(i) C /i(>^cl+i) ^ C' 

Finally, suppose #7^ > Cs + 2 and niY^^J = WQ^+r{o)- Using again (34), we get 
that /i(Y7_,_2) crosses S, and hence it is T^-free, from which we get 



THE DEGREE-2 ABEL-.IACOBI MAP FOR NODAL CURVES - II 29 

Case 2: < > (s = 0. By the given hypothesis, we have A^(i^o') = W := Wr(o)- 
Suppose that #7^ > t. If i.j.{Yq) crosses Ri and R2, we have two cases. In the first 
case, we have s = 2, hence fi{YQ) contains a tail of T^^p, for every (a,/3) e Va- In 
the second case, we have s = 3, and we can conclude arguing exactly as in the last 
two paragraphs of Case 1. Therefore, we may assume that fi{Yff), and hence W, 
admits a terminal point in the set {i?i, i?2}- 

Notice that Cy' C W, for some u G {1, 2}, otherwise wc would have 

Wery\^y^ and {R,,R2} CTeimw, 

contradicting the fact that A is quasistable. In particular, since Efj^_y^ C Yjj*, there 
are i + 1 distinct pairs (a, /3) in Va such that Cq U C^ C //(y/). If either s = 2, or 
s = 3 with 6^7-2 ^^ = d-j-2 f(^ = 0, we see that m(^/) contains t + 1 tails of Tj, hence 
Equations (46) and (47) hold respectively when t = 1 and t = 2, and for Cs = 0. 
Therefore, we may also assume that s = 3 and (i-7-2 ^^ ^ 0. 

Suppose Ri E Tcrmw. By Lemma 5.3(ii), we have W G T^i,'f2- ^i'^ce A is 
quasistable and W = /i(Fo^), we see that /^(^g*) crosses i?2- Wc now use (34) and 
Lemma 5.1(h): We deduce that ^J,{Y^) crosses Ri and R2 and ^7-25 = 0(3), for 
every node S E C\ {i?i,i?2}, hence that ^liY^) is T^-free. Again, we see that 
Equations (46) and (47) hold respectively when i = 1 and t = 2, and for C,s = 0. 

Suppose TermvK H {i?i,i?2} = {-R2} and dq-^j^^ = 0. By Lemma 3.1(i), we have 

\ °) '71.72 ^ 71.72' 

By Lemmas 5.1(i) and 5.2 there is a unique node S E C \ {i?i,i?2} such that 
dq-2g ^ 0(3) and S £ W. If 5 ^ TermvK, then IJ,{Y/) is T^-free, and we conclude 
as in the previous paragraph. Thus, we may assume that S € Ternivi/. If either 
d-y-2g = 2 or i = 2, then ^jl{Y^) crosses S and hence it is T^-free (we use again (34)), 

and we are done. If d'j-2 g = i = 1, then Equation (48) implies that dq-2 s ^ 0, 

^' ^{,72' 

hence by Lemma 5.2 we get W E T?^ , ■ Since 

ER,,y,CY„' and W ^ fiiY^n, 

it follows that iJ.{Yf) crosses i?i and R2. Since ^7-2 g = 1, we conclude that fJ,{Yi) 
is 7^0-free for two distinct pairs (a,/3) in Va, and hence Equation (46) holds. D 

6. The resolution of the degree-2 Abel-Jacobi map 

Let TT : C — ?► i? be a smoothing of a nodal curve C and : C^ — >■ C^ be a good partial 
dcsingularization. From now on, we only consider the Abel-Jacobi map of C/B 

introduced in (7). Our goal is to find a resolution of a^ (sec Theorem 6.4). The 
strategy consists in finding the 0's for which the map a^ o (f): C^ ---> J' induced by 
■!/;,£^ is defined everywhere. Thanks to Lemma 4.3 and Theorem 4.4, we need only 
deal with distinguished points of C^ lying over points of C^ consisting of pairs of 
distinct reducible nodes of C. To produce a map cj) achieving our goal, we provide 
a combinatorial characterization of the blowups of C^ for which a^ o cj) is defined on 
an open subset of C^ containing such a distinguished point (see Theorem 6.3). 
Throughout this section, we will keep the notation of Section 5.1. 
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6.1. Comparing properties of distinguished points. In this subsection, we 
will prove the key result stating that if a distinguished point is quasistable, then 
it is synchronized (see Proposition 6.2). Actually, the two notions turn out to be 
equivalent (see Theorem 6.3). 

Lemma 6.1. The distinguished point A is 1- synchronized. 

Proof. For each t e {1,2}, write 7^^ := {Ytfi,Yts, ■ ■ ■}, where Yt^o -< Yt^i -< ■ ■ ■ . 
We have 

n = %\UT,\UT,\UT.\UT^,UZ\. 

If Rt is not a separating node, then T^^ = T3 , and T^ consists of the canonical 
liftings of the tails in 71^^. Assume that Rt is a separating node and let W be 
the 1-tail of C terminating in Rt and containing cr(0). Then T^ and T\ differ 

'* It 

exactly by W. Let S be the subset of Tl U 7y of the tails different from W. The 
canonical liftings of the tails in S forms exactly the subset S of T^ consisting of 
the tails whose image via ji: C(2) — > C crosses Rt- li W is in Tl, then 7^ \ 5 = 
{Yt,o,Yt,i} = {LY,LYhiiWismT;,,thenfl\S = {Yt.o} = {LY}. ' D 

Proposition 6.2. If A is quasistable, then A is synchronized. 

Proof. Throughout the proof, fix s G {2,3}. When no confusion may arise, we set 
W. := W^ and Y. := F^. Let C, := (s be as before Lemma 5.1 and t := r^ be the 
permutation of {0, 1,2} of Proposition 5.3 such that 

(49) W^C+r(0) C W^C.+r(l) ^ W^+r{2)- 

Let u be the maximal number in {0, 1, 2} (if it exists) for which Wi^^^t^(^u) 7^ C, 
otherwise put u := —1. Recall that we set rus := #7^ ^ 1- 

By Lemma 6.1, we need only show that A is s-synchronized. We prove at the 
same time the cases s = 2 and s = 3; thus, during the proof for s = 3, we may 
assume that A is 2-synchonized. 

Step 1. We claim that A is s-synchronizcd if the following properties hold 

(PI) rUs > C + u and, if u > 0, then ^J.{Y^^^^) = W?^^^,^-., for every t G {0, . . .u}; 

(P2) {M(^/)}t>C3+2 and {W,^ : Wf ^ C)t>c^+2 are Tl-kee. 

By Proposition 5.6, we see that Condition (PI) implies that, if u < 1, then 
rris ~ C,+ u. If /i is the set function sending a tail Y of C(2) to the tail ii{Y) of C, 
we need only show that wc have a bijection 

M: {yt}t>c -^ {Wt ■■ Wt + C}t>c. 

Indeed, this implies that A is s-synchronized when C = and, by Lemma 5.5, also 
that A is s-synchronized when C > 3. For an integer t > 0, write t = 3at -|- 6t, for 
integers at > and ht S {0, 1, 2}, and set Vt := Sa* -I- T(6t). 

We begin by proving that pi^yt) = Wy^, for every t in {(,... ,ms}. We proceed 
by induction. We may assume that u > 0, otherwise nis = C ^ 1j and we have 
nothing to prove. The statement holds for t in {(,... ,C, + u} by Condition (PI). 
We may assume that m = 2, otherwise mg = C + ^ and we are done. Let t be in 
{C -I- 3, . . . , nis}. By Condition (P2), the tail ^i{Yt) is T^-free. Since we have 

KYt-3) = W«,-3 -< KYt) 
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(the equality by induction), it follows that Wvt-s ~< W^ C fi{Yt). We also have 
(50) ¥,.,-< C^^^lY^'^lY^^. 

Notice that Vt > C + 3, because C, = 0(3). It follows from Condition (P2) that, if 
s = 3, the canonical VFi,j -liftings arc T^-free, since in this case A is 2-synchromzed. 
By (50) we get Yt C ^2 "% and we deduce that iJ,{Yt) C Wy^ and hence fi{Yt) = Wy^ . 
Up to switching the Wt's with the Wy^'s, we can assume that iJ,{Yt) = Wt, for 
every t G {(,, . . . , m^}. By contradiction, suppose that Wtg ^ C is not in the image 
of fj,, for some to > ms, with to the minimum integer satisfying this condition. 
Notice that to > C + 2, otherwise u < 1 and Wtg = C. Thus, wc have to > 2 and 
/i(yj(,_3) = Wto-3 ^ Wta (the equality by the minimal property of to), hence 

By Condition (P2), the canonical liftings of Wta are T^-free for s = 3 (we use again 
that A is 2-synchronized for s = 3), hence ms > to, which is a contradiction. 

Step 2. We show that Condition (PI) holds. We may assume WQ^j^r{a) ¥" C*, 
otherwise we are done, because by Proposition 5.6 we would have #7^ = C- 
Suppose first s = 2, or s = 3 with d-j-2 j^_^ ~ d-j-2 j^^ = (hence C ~ 0). Define 

Y :^ Lq" U ^_r^(o),7,(o) U Eii^_^^g^ , 

Y' := lY^''' U Er, U Er, and Y" := L^^<^' . 

By Proposition 5.3(i), we have r(l) = 0. In the sequel, we often use Proposition 5.6 
without mentioning. Since F is a proper subcurve, we have T^ f^ 0, with Yq C Y, 
hence /xfKo) C ^^(o) and /i(io) = W^t(o)- We may assume Wr(i) ^ C, otherwise 
fX = {Yg'}, and we are done. Since Y ^ Y', we have #f| > 1, with F/ C F, 
hence n{Yf) C Wt-(i) and m(F/) = W,-(i). We may assume VFt-(2) t^ C, otherwise 
fx = {Yo", ^/}, and we are done. Since Y' -< F", we have #73 > 2, with Y^^ C F", 
hence fi{Y2) C Wt-(2) and /^(Fj"') = W^i-(2)- 

Suppose now s = 3, dq-iR^ ^ and dq-ZR^ ^ 0. By Proposition 5.3(ii), we have 
C = t(0) = 0. It follows from (49) that Ri is a terminal point of Wq and hence, 
since A is quasistable, we see that Wo, and hence Wt-(i), crosses i?2. Define 



F := iS^« U -Bi^,, F' := L^ ^'^^ and F" := L. 



2 



By (34) and Lemma 5.1(n), the tails F, F' and F" are T|-free, and Y <Y' -< Y" . 
We can conclude as in the previous paragraph using Proposition 5.6. 
Finally, suppose s = 3 and that the following properties hold 

drl,Ri + 0> '^ri.Ki = and that dri,fl.2 t^ =^ c?r|,fl2 == 0- 

The tail VF^4_,-(o) is not contained in ^{a.pi)eP \Ta a tiy the definition of C and by 
(49). There is exactly one node S gC\ {i?i, i?2} such that ^7-2 5 ^ 0(3). Indeed, 
if dr^ Bo 7^ 0, then dr^ Ro = and S" is the difference node of T^ , 1 ,, , distinct 

'a'-"-2 ' ' 'a'-"'^ 71i72|7i.72 

from i?i. On the other hand, if ^7-3 r^ = 0, then by Remark 3.3 there is a node 
S E C\ {i?i,i?2} such that S G Ternivy^^^ and ^7-2 5 ^ 0(3) and S" is uniquely 
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determined by Lemma 5.1(i). In any case, by Lemma 5.2 we have 5* e iy^_|_^(-o). 
Let TO S {1, . . . ,p}^ be such that 5* G C,„ and C,n Q M^^+r(o): and define 



Y 



io ^+^<"> U Er,^^, U Es,m if t(0) ^ 1 and dris = 1 
l^c+-m y _g^^ _^^ u £;s if t(0) ^ 1 and dr^s = 2 
i^'-"+"'"' U Er^ U -Bs,m if T-(O) = 1 and dr^s = 1 

r' := lY'^-"' U £;j^, U Es and F" := i^^+-'^> . 

By (34), the tails Y, Y' and Y" are T^-free. Since Y ^Y' ^Y", we can conclude 
as before using Lemma 5.6. 

Step 3. We show that Condition (P2) holds. We are in the case s = 3, hence we 
may assume that A is 2-synchronized. Let 5 be a node of C such that d-j-2g ^ 0. 
We need to prove that S is not a terminal point of a tail in the sets 

{M(r/)},>c+2 and {Wt ■ Wt ^ C}t>c+2. 
If d-j-2g ~ 3, this is obvious for the second set, and by (35) also for the first one. 
Thus, we may assume d-j-2 g ^ 0(3) and, by Lemma 3.1(i), also that d-j-2 r_^ ^ 0. 
Set W := VF|j_|.T-(o)- We can assume W ^ C (i.e. u > 0), otherwise the above sets 
are empty by Proposition 5.6, and we have nothing to prove. Since 

K'^C+t) = M^c+r(t) ^ W^c+r(t+i) for every t e {0, . . . u}, 
we see that W -< fJ-(Yt^ ) A Wt^ , for every ti > ( + 2 and t2 > C + 2. Thus, it suffices 
that S G W. Of course, we may assume that S* G C \ {i?i,i?2}; it follows from 
Lemma 5.1(i) that S is uniquely determined by the condition d-j-2 g ^ 0(3). 

If d-j-3R_^ = d-j-3R^ = 0, then, since W is not in the intersection C^{a,p)£'PATa b^ 
we see that W is the minimal tail of T^ ai^, a,, for some (a,/3) and (a',/3') in Va, 
hence by Remark 3.3 we have S G Tcrmn/ C W. If dq-^R^ ^ 0, then S is in 
{i?i,-R2} by Lemma 5.1(ii), hence S G W. If dq-2R^ = df3R_^ = and d-j-a r^ ^ 0, 
then i?2 G Termvi^, hence by Lemma 5.2 we have S €W. D 

6.2. Prom the local to the global resolution. Let tt: C ^ B he a. smoothing 
of a nodal curve C. We are ready to state and prove the main results of the paper. 
First, in Theorem 6.3, we will give a combinatorial criterion for the existence of a 
local resolution for the degree-2 Abel-Jacobi map a^ of C/B. Second, in Theorem 
6.4, we will show that the blowup C^ along products of 2-tails and 3-tails of C 
fulfills the local criterion and hence gives rise to a global algebraic resolution of a^ . 

Theorem 6.3. Let n: C ^ B be a smoothing of a nodal curve C with a section 
a through its smooth locus. Let </>: C^ — ^ C^ and ip: C^ -^ C^ Xb C be good partial 
desingularizations. Let i?i,i?2 be in J\f{C), with Ri ^ i?2- Let Ai and A2 be the 
distinguished point of C^ in 4>~^{Ri, R2). The following properties are equivalent 
(i) A is quasistable, for every A in {^1,^2}; 

(ii) A is synchronized, for every A in {Ai,A2}; 

(iii) '4'\xA*i^4'\xA) *'' cf{Q)- quasistable, for every A in {^2,^2}," 

(iv) MxA*{^tli\xA) isjimple, for every A in {^1,^2}; 

(v) the map a^ o </>: C^ --+ J' induced by ip^^C^ is defined on an open subset of 
C^ containing {Ai, A2}. 



THE DEGREE-2 ABEL-.IACOBI MAP FOR NODAL CURVES - II 33 

Proof. By Proposition 6.2, item (i) implies item (ii). Using [14, Proposition 1], 
item (iii) implies item (iv). By Theorem 3.6, C^\xa is V^Ia'^ -admissible and its 
formation commutes with base change: By Lemma 4.3 and by the fact that ^J is a 
fine moduli scheme (see Section 2.1), items (iii) and (v) are equivalent. 

From now on, we will denote by A one of the two distinguished points in {Ai, A2}. 
Recall the identification of Xa with C(2) and of ipiXA) with C, and the identifi- 
cation of the contraction map ^: C(2) -^ C with tp\xA ■ -^A -^ il'iXA)- As usual, 
we let (71, 72) and (7J, 72) in {1, • . • ,p}^ be such that 

Also, we fix a shce A : B ^- C^ of C^ through A. We let W — > i? be the A-smoothing 
of Xa and 6': W — !■ C'^ be the induced map (see Diagram (5)). By (13), we have 

(51) 0* (X^^|c3 ® ^A2|C3) - '^MDi - Fi - F2), 

where Fi and F2 are relative Cartier divisors on W/B intersecting transversally 
Xa respectively in Eh^^^^ and £^2,727 ^-nd Di is a Cartier divisor of W supported 
on ^ I Xa -exceptional components. We set 

Fix smooth points Q-y^ and Q^j of Xa lying respectively on Efj-^^-y-^ and -Ei?2,72- 

We prove that item (ii) iinplies item (iii) . Suppose that A is synchronized. Then 
the set function sending a tail Y of C(2) to the tail fJ,{Y) of C induces a bijection 

Ta^Ta- 

By the definition of Ta and by Theorem 2.4 this means that there is a Cartier 
divisor D2 of W supported on "i/^lx^ -exceptional components such that 

0*rV\xA~Q'f^ - Q72) ® 0*M{D2)\xa 

is a i/'~"'^(o'(0))-quasistablc invcrtiblc sheaf on Xa- Since (51) implies the relation 
e*C^\xA - OwiDi - D2)\xa ® 0*CV\xA~Qf, - Q72) ® 0*M{D2)\xa, 

combining Lemmas 3.6 and 4.1, we see that iP\xa*{^4'\xa) i^ cr(0)-quasistable. 

We prove that item (iv) implies item (i). Suppose A is not quasistable. Then 
Ai and A2 both are not quasistable. Up to switching A with the other point in 
{^1,^2}, we may assume that there are tails in T3^ containing i?i and R2 as 
terminal points. By Lemma 3.5, there are subcurves Yi and Y2 of C such that 

C)c(^7i,72)lc - Oc(^7;,72 - Yi)\c and OciZ^,,-,,)\c ^ Oc(^7l.7^ " ^2)|c 

and such that 

C^i C Yi, C^; C Yj^, C-y^ C Y2 and C^^ C Y^. 

Fix t G {1,2}. The subcurve Yt is obtained by the rule 

Yt- T. z- E ^' 
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and 7~* i , is a totally ordered set with respect to inclusion for each s in 

{1, 2, 3} (see Proposition 3.1). Therefore, if i?3_t is a terminal point of Yt, we have 

C^3-* ^ Yt and Cy^_^ C Y.^. 

For each t G {1, 2}, we define 

J Yf'^ if Fj'^ crosses i?3_t; 



^- 'V 



I y* otherwise. 



We define the (nonempty) subcurve y of C 

Y := r/UKj'- 

We claim that for every maximal chain E of -^Jxa "Exceptional components lying 
over a node oi Y A Y"^ , there is a component of E over which the invertible sheaf 
C^p has nonzero degree. Indeed, if we put 

p 

^ • / ^ ^71 ,72, "^ 1^71,72,^)^, V' "*" 71,72,"^,^ "*" 7i ,72,^71, i/jj: 

m— 1 

then 6* C,p is obtained by the pull-back via of the invertible sheaf 

^*'P (g)I^^|^3 (g)I^^jj3 ® 0^3 I -D + 2_^ C'7i,7^,m,-0 + 2^ ^7;,72,m,i/; 

\ c„cy2 c„cFi 

By Lemma 4.2 the degree of 0^3{D) on every ^|xa -exceptional component is 0. 
Let S* be a node in y A F^ \ {i?i, i?2}- Since I^ ,^3 ® X-^ ,^3 has degree on each 
component of Es , we see that C^ has nonzero degree on at least one component of 
Es- Finally, consider Rt, for some t G {1,2}. It is easy to check that ii Rt G Term^^, 
then Rt £ Termy^ n Tcrmy^ and Cj^ C Y. Thus, using (51), we see that there is 
a Cartier divisor D3 of W supported on the -^jx^ -exceptional components Er^^^^ 
and Eii^^^' such that 

degs,^ ^^ e*C.4,{D^) = 1 and deg^^^ ^, r^.^l^s) = 0. 
By Theorem 3.6, C^, is T/i-admissible, hence one of the following properties holds 
degfiH,,,, '^i> = '^^S^^t.-r; -^^ + 1 = oi' d'sgij^^ ^^ /:^ + 1 = dcg^;^^^, £^-1 = 0. 

The proof of the claim is complete. 

The claim implies that iI]\xa*{^4i\xa) i^ non invertible at Y AY'^. Since Y AY'^ 
forms a disconnecting sets of nodes of C, the sheaf -01 Xa* ('^1/' I x^ ) is not simple. D 

Let S be an ordered set of Weil divisors of C^ given by 

S = {Wi^i X Wi^2, ■■■, Wn,1 X Wn,2}, 

where Wij is a subcurve of C. We consider the blowup sequence 



ys 



p2 _ pi VN^ J^ /?2 "Pi /?2 'Pa. p2 

'^S -^ '^N ^ ' ■ ' ^ l-l ^ '--0 ^ •-- ' 



where (/)o is the blowup of C^ along the diagonal subscheme of C^, and where (jji is 
the blowup oi Cf_i along the strict transform of Wi.i x Wi.2 via the composed map 

(pQO ■■ ■ O (pi^l. 
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We say that (ps is symmetric if for every i in {1, ... , N} there is j in {1, . . . , N} 
(possibly with i = j) such that 

W^,i=Wj,2 and Wi,2 = W'j,i. 

We say that 05 resolves the degree-2 Abel-Jacobi map of C/B if the composed 
rational map 

is a morphism, where a^ : C^ --+ J is the dcgrce-2 Abcl-Jacobi map of C/B. 

Theorem 6.4. Let t:: C ^ B be a smoothing of a nodal curve C with a section a 
through its smooth locus. Let Ci, . . . ,Cp be the irreducible components of C . If S 
is an ordered set of Weil divisors of C^ given by products of type W x W , for tails 
W of C with kw G {1,2,3}, then (ps is independent of the ordering of the Weil 
divisors appearing in S. Consider the set of Weil divisors of C^ 

r^{WxW:Wisa tail of C, with kw e {2, 3}}. 

Then pj- is symmetric and resolves the degree-2 Abel-Jacobi map of C/B. 

Proof For every tail M^ of C with fcvK G {1, 2, 3}, the blowup of C^ at M^ x W' is an 
isomorphism away from the locus of the points (i?i,i?2), with {i?i,i?2} Q Teivaw- 
Recall that the first blowup appearing in the sequence 4>s is the blowup along the 
diagonal of C^. Thus, if S' is obtained by a permutation of the tails of S and if (j)s 
is distinct from ^5/, then there are tails Wi and W2 of C such that kwt & {2,3} 
and such that 

{-Ri, R2} Q Termvvi H Tcrmw^ with Ri ^ R2, 

and where the blowups 7]i and 772 of C^ respectively along Wi x Wi and W2 x W2 
are distinct locally around {Ri, i?2)- In particular, wc see that {Wi, W2) is perfect. 
Let (71,70 and (72,72) in {1, ■ • ■ tP}^ be such that 

(52) Ri e C^i n Cy_^ and R2 £ Cy^ n Cy^ . 

Then, locally around the point (i?i,i?2), we may assume that 771 is the blowup of 
C^ along C-yj x C^^ and 772 the one along C^^ x C^/ . We see that 

C^i CW1AW2, C-y^ <ZWiA W^ and Cy C W^ A W2, 

and hence {Wi, W2) can not be perfect, yielding a contradiction. 

The fact that (l)j- is symmetric is clear. Let us show that (pj- resolves the degree-2 
Abel map oiC/B. Let 0: C^ — >• C^ be any good partial desingularization such that 
(j) = (p-r orj, for some rj: C^ ^ C^-. 

We claim that if A G 0^^(i?i,i?2) is a distinguished point of C^, with i?i ^ R2 
and {_Ri,i?2} C A/'(C), then A is quasistable. Indeed, let (71,71) and (72,72) in 
{1, . . . ,p}^ be such that (52) holds. Suppose that 

(53) i?i e Tcrm^/ and R2 E Tcrmw,.,, for {W, W'} C T^^ _^^ U T^^ _^^. 

Notice that, \iW ^ W , then W and W' do not contain each other and hence, up 
to switching W and W', we have W € T^^,^^ and W' € T!^^^^^ and (W, W') is free. 
Using [22, Lemma 3.3(iii)] in the case W ^ W , we get in any case 

(w A w') x{w A w') g r, 

with 

C-y, UGy^CW AW' and Cy^ U C^^ C {W A W'f. 
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This implies that (jjj- is, locaUy around (i?i,i?2), isomorphic to the blowup of C^ 
along C^j X C72 , and one of the following conditions holds 

(54) A £ G^j.^^.^ n G^j.^2,0 ^ Ly^j^^^.0 or A g G-yj^^^.^ ^ ^^{,i'^,4> ^ ^i\,ii,<l>-i 
and hence A is quasistable. 

Let ^ : C^ — >^ C^y.bC' be any good partial desingularization. By the claim, Lemma 
4.3 and Theorems 3.6, 4.4 and 6.3, we see that the rational map a^ o ^: C^ ---» J 
induced by the relative sheaf tp^^C^ on C^ x^ C jC'^ is a morphism. 

In particular, the rational map 

is defined away from the locus of points of Cj- lying isomorphically over points 
(i?i, i?2) of C^, with {Ri,R2} C J\f{C) and i?i ^ i?2- Abusing notation, let (^1,^2) 
be such a point of Cj- and assume that (52) holds. Let 

^iRuR.) : ;t- !^ c^ ^ c^ and 0^ ^'^^^ : 3^ ^ C^ ^ C^ 

be good partial dcsingularizations, where, locally around (i?i, -R2), the maps rji and 
772 are the blowups of Cj- respectively along the strict transforms of C-y-^ x C^^ and 
C^-^ X C^; via 07". By what we have already shown, the maps 

^2 ^ ^(fli,fl.) . ;t' -^ 7 and a" o 0'^^^^^' : 3^ ^-^ J 

are morphisms. Thus, arguing as in the proof of [9, Theorem 6.1], both maps 
factor through a morphism U ^f J defined on a Zariski neighborhood U of Cij- 
containing (Rx^R-i) and agreeing with o? o ^7- away from (Ri,R2), hence a^ o (f)j- 
is a morphism. D 

Remark 6.5. Assume that 05 resolves the degree-2 Abel-Jacobi map oiC/B. We 
say that cj)s is minimal if for any ordered set iS' of Weil divisors of C^ for which (j)s' 
resolves the degree-2 Abel-Jacobi map, there is a morphism r] : C|, -^ C| such that 

05' = 05 o »7- 

There exist curves for which the blowup 07- of Theorem 6.4 is not minimal. For 
example, let C be the union of Ci, C2, C3, with #Ci (iCi = 1, for i E {2, 3} and 
#C2 n C3 = 2. Assume that cr(0) G Ci. We have 

7ia = 71,2 = Ti^s ~ 0, 72,2 = 72,3 = 73,3 = {C2 U C3}. 

Let 5 = {(C2 U C3) X (C2 U C3)}. Using Theorem 6.3, it is easy to see 05 resolves 
the degree-2 Abel-Jacobi map of C/ B; moreover, 05 is minimal and 05 ^ 07-. 

Notice that (C2, C2UC2) is terminal. In fact, it is not difficult to show that if 07- 
is not minimal, then there is a terminal pair (W"i, W2) of tails of C, with k^i = 2 
and kw2 = 3, and with o-(O) e M^i C VF2. 

Remark 6.6. Since T is symmetric, we get a commutative diagram 

Cj — y C'j-/ 02 



c2 — ycys2-" >J 

By the Abel Theorem for smooth curves, the generic fiber C,, of tt: C — ^ S is 
hyperelliptic if and only if the restriction of /3j- over the generic point of B is not 
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constant; in this case, its fiber is isomorphic to the 52 of C,;. A natural question is 
whether or not a similar property holds for the special fiber of tt. 
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